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PREFACE. 



Pebspsotivx bas been, in some respects, an unfortunate member of 
tbe company of Sciences. For, as perspectives are not made, except 
by the eye, from objects themselves, but from adequate substitutes for 
tbem, and as projections alone, by the methods of the modem science 
of Descriptive Geometry, perfectly furnish such substitutes ; every sys- 
tem of perspective, that is not expressly based on the theory of projec- 
tions, is more or less inelegant, tedious, blind, and cumbersome. 

Any one, then, who compares PI. XVII., Fig. Ill, for example, and 
its companion Fig. 112, or "tender," to supply meaning to it, with PI. 
XVIl., Fig. 113, will understand how the mind, trained in the modem 
methods of Descriptive Geometry, loves the fixed "horizontal plane" 
to stand upon, and the " vertical plane " to lean upon — ^in simple words, 
two fixed planes of reference — rather than a single such plane, into 
which, as in PI. XVII., Fig. Ill, everything must be revolved and 
treated in its revolved position. 

But now that the difficulties here noted, and which have done much 
to render perspective a hitherto unpopular study, have been removed, 
it is to be hoped that it will soon come to be welcomed ; both as a 
valibahle dUdplinary irutrument for the mind, in common with all the 
other components of Descriptive Geometry, as well as on account of 
the utility and beauty of its technical applications. 

Agreeably to the views just expressed, no attempt has been made, in 
this work, to exhibit the old, unsystematic, and perplexing methods, 
fully; however ingenious, sometimes, in themselves, and interesting 
historically ; though a few suggestions have been derived from them, 
and a few examples given, of constractions by them. 

Slaving thus indicated that this work is essentially modem in spirit 
and methody a word follows as to its range and scope. 

This work is not meant to be merely a new version of existing woiks ; 
nor has novelty been sought, cither in its matter or form, at the ex- 
pense of rejecting such standard methods and problems as must enter 
into every fiairly complete treatise. Yet, as far as seemed desirable, it 
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has been intended to be, either in substance or treatment, an indepen- 
dent contribution to existing sources of information about the higher 
principles and practice of perspective construction. 

In this regard, four principal particulars have been kept in view. 
First, to make a fiill exhibition, as in Chapter II., of the numerous 
general methods of perspective, serving s» an introduction to many 
v^riters on the subject. Sec&nd, to present a good and fully treated 
collection of standard general and special problems, on perspective, 
including a view of the various practical expedients for abbreviating and 
simplifying perspective constructions, in order to qualify the student 
to make all the constmetions thai would be fikely to occur in practice. 
Thirdj to take some one or two higher problems, as that of the sphere,, 
and the torus, and to treat them so exhaustively, that, when fully mas- 
tered, they might contribute somewhat to the student's power to inTea- 
tigate for himsd£ Fourtky to afford an introduetion to some of the 
special and curious applications of perspective, as the perspectives of 
reflections^ of the shadows cast by candlelight; atid distorted peiv 
spectives# 

The writer's aim has thus been, to leave nothing to be desired in 
respeet to fulness of elementary illustrations of all known methods of 
procedure ; or sufficieney of varied examples for practice. 

Th« full and separate treatment of the subject of Chap. lY., Section 
iv., was suggested by a careful reading of the purely practical, but 
richly illustrated, treatise by J. Abhemab. The collection of beautiful 
examples, given in his atlas, being wrought by the simple method of 
scales, serve to connect perspective, as a disciplinary study and body 
of theoretical science, with its use as a thoroughly arailable practical 
art, both for artistic and induslaial purposes. 

The present volume, being principally intended lor the instruction 
of the scientific student, its diagrams are made, as usual in text-book% 
with all the apparent distortions due to an umiaturally small distance 
of the eye from the perspective plane. 

I have been earefiil, as in my ^ Shades and Shadows," to &var the 
eonvenient learning of the Problems by dividmg them up into nui^ 
bered topics ; the separate topics among the gsoups of general prinei^ 
pies are also separated by blanks in the text^ 

By the frequent adoption of skeleton figures of objects, instead of 
their usual solid forms^ many uninstmctive repetitions of the same step 
in construetion have been avoided, and the eost of the plates reduced, 
without diminishing their real value. 

The genius of the methods of PI. XYII., Figs. 110, 111, p. Ir8, 
consiBte in rendering the eye of the supposed spectator at e, indepezH 
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dent of the student of the diagram. It thns illustrates the tendency 
of the English mind to render everything " objective," or sensibly sep- 
arate from the person of the thinker. 

The modem, or French, methods, are more snbjectiye, as in all the 
fignres, generally, of this work, where the student is snpposed to make 
££', the point of sight, the position of his own eye. 

By a very kindly application of the principle of " division of labor," 
the comparatively heavy expense, to the author, of a work like this, 
has been generously shared, in the present instance, by a company of 
liberal friends ; whose &vor, equally to himself and to the Institute, in 
this their action, he hereby acknowledges with sincere thanks. 

R. P. L, JmsHB, 1868. 



LINEAR PERSPECTIYE. 



CHAPTER L 



General Prinoiples, and Xntroduotory Problems. 

1. Perspective, defined as an imitative arty is the art of rep- 
resenting objects on some surface, usually a plane, so that the 
representation shall make, as nearly as possible, the same im- 
pression on the eyes, placed in a given position, that the objects 
themselves would, when seen from the same position. These 
representations are csRed perspectives / the plane on which they 
are made, \he perspective plame. 

2. Familiarity with the stereoscope shows that the impression 
of rotundity, and of relative distances from the observer, is due 
to the blending, in the internal perception, of the two slightly 
different images of the same object, formed in each eye. 

The partial lack of this gratifying impression of solidity, in 
viewing even a perfectly drawn single flat picture, may be sup- 
plied in part by the imagination, and in great part by viewing 
the picture through a tube, which, by excluding the sight of 
all other objects, aids in abandonment of mind to the fullest 
impression which the picture can make. 

The necessity of a certain kind of development of the im- 
agination, as just noted, is confirmed by the fact that some 
persons can see little or nothing more in pictures than an 
unmeaning assemblage of various patches of different colors or 
shades. 

3. The position of the eyes is called ihepomt of sight. For, 
in constructing perspectives, the eyes are supposed to be reduced! 
to a single seeing point ; first^ because the observer holds a 
single position, when looking at a given view, as a whole ; and 
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secondy because, though each eye forms its own unage, but a 
single impression is received by the mind. 

4. The visible boundary of any object, as seen from a given 
point of sight, is called its apparent contour. 

5. Objects become visible by means of such rays of light, 
returned from them, as enter the eye. These rays, like all 
others, proceed in straight lines, and are called visual rays. 

6. The intersection of the visual ray from any point with 
the perspective plane, is the perspective of that point ; for this 
intersection, called the trace of the ray, exactly covers and con- 
ceals from view the original point, and therefore represents it, 
according to (1). 

7. The apparent contour of a body is hence seen to be its 
curve of contact with a circumscribing tangent cone, whose 
vertex is the point of sight. This cone is called the vistuxl 
cone^ since each element of its surface is evidently a visual 

ray. . 

8. LmEAs Peespective, which is a branch of Descriptive 
Geometry, may therefore now be defined as the general problem 
of finding the intersection of a gi/oenjplane v>ith a ffi/oen cone/ 
the given plane being the perspectwe plane^ the vertex of the 
cone being the point of sights and its base the apparent con- 
tour of the given object. Moreover, the vertical plane of 
projection may always be taken as tlie perspective plane. 

9. The practical conclusion from the preceding principle is, 
that we must know by measurement the actual sizes and dis- 
tances of real objects, before we can make true perspectives ol 
them, as seen from a given point of sight. 

10. But in perspective, as in other parts of Descriptive 
Geometry, objects are not given actually, but by their projec- 
tions. Having, then, the relative position of the eye and the 
given object truly shown in projection, together with the dimen- 
sions and distance of the latter, drawn to a suitable scale from 
actual measurements, we can find the true perspective of that 
object, as seen from the given point. 

11. The horizontal projection of the point of sight is fre- 
quently called the station point. Its vertical projection, the 
centre of the picture. 

The eye, or the axis of vision, is generally supposed to be 
directed toward the centre of the picture. The visual ray e E', 
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PI. XVI., Fig. 108, from the centre of the picture, may be 
called the central visual ray, 

12. We can find the perspective of an object under the con- 
ditions just stated (in 10), for, by the problem (IV. Des. Geom.), 
to find where a given line pierces the planes of projection, we 
can find where visual rays, from the distinguishing points of the 
object, pierce the perspective plane, and these intersections will 
be the determining points of the perspective figure. 

13. The perimeter of the perspective is the perspective of 
the apparent contour (7) of the given body ; hence the latter 
must be known before the former can be found. 

The apparent contour of smj plane sided body — ^polyedron — 
can generally be found by inspection. It consists of those 
edges which appear to divide the object from surrounding 
space. That of a developable surface^ consists of the elements 
of contact of tangent visual planes ; and that of a warped, or 
a dotcble cwrved surface, of the curve of contact of a tangent 
circumscribed visual cone. This curve of contact (D. G., Prob. 
XC.) is practically found by constructing a series of visual 
planes, tangent to the given surface, and joining their points of 
contact. 

14. Having thus found the linear perspective of an object, if 
we shade and color it like the original, as nearly as art will 
allow, it will, at each of its points, present to the eye the same 
appearance, as to form and color, as the original; for each 
point of the perspective, being on the same visual ray with the 
corresponding point on the given body, will fitly replace it, and 
having also the same color, will fully represent it. 

The department of perspective which embraces shading and 
coloring, is Atrial Perypectvve. It is founded on careful ob- 
servation, and belongs more to the artistic than to the scientific 
draftsman, and will, therefore, be mostly neglected in this 
volume. 

15. Let us then next consider what the visual cone, and the 
perspective figure, will reduce to, in case of various forms of 
the original object. When the object is a point, the visual 
cone becomes a single visual ray, and the perspective is a point, 
as before stated (6). In case of a limited straight Une, the 
visual cone reduces to a plane triangle, whose base is the given 
line, and the perspective is a straight line. The object being a 
stra/ight line of imdejmite eostent, the visual cone will be an 
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indefinite- .plane, sand the perspective, the indefinite straight line 
in which this plane intersects the perspective plane. When the 
object isajplanejiffiireyor ajplam aided scUdy the visual cone is 
strictly a pyramid, and the perspective figure a plane figure. 
I^ however, the given plane figure, whether a polygon or 
curved, includes the point of sight in its own plane, the visual 
cone becomes a plane, and the perspective, a straight line. 
Finally, when the given object is a curve^ or a cv/rved surface^ 
the visual cone is, in general, a cone in the ordinary sense of 
having a curved base ; though, if the given surface be develop- 
able, its apparent contour will consist of rectilinear elements, 
and the visual cone of two tangent planes^ ad to a cylinder. 

16. The perspective of any magnitude being thuB the inter- 
section of the visual surface passed through it, with the per- 
spective plane, ih/6 perspectwe of a straight Une is^ really ^ the 
iraceyOn the per»peci4,ve pUme^ (^ the visual jplams oontamdng it. 

17. If, then, such a line he parallel to the perspective plane, 
its perspective vnU he parallel to the line itself ; and if any 
number of such parallels be also parallel to each other, thei/r per- 
speotvves wiU hepa/raUel to each other ^ amd to the Imes thems^es. 

18. If a line be perpendicular to the perspective plane, its 
visual plane will be perpendicular to that plane, also. Hence 
this visual plane will be the projecting plane of the visual rays 
from all points of the line. The perspective of the line will 
therefore coincide, with the vertical projection of the visual ray 
from any of its points; OAnd will consequently pass through the 
vertical prqject%on of the point of sight. 

19. The visual planes, containing any number of such per- 
pendiculars, all being perpendicular to the perspective plane, 
and all containing the point of sight, will all intersect each 
other in the line which projects that point upon the perspective 
plane. Hence their vertical traces, which ai'e the perspectives 
of the lines, will all contain the vertical projection of the point 
of sight. That is, the perspectmes of all perpend^cvlars to the 
perspectme plane, pass through the verUcal projection of the 
point of sight. 

20. It must here be remembered, that the apparent size of 
any object depends upon the angle, at the eye, subtended by it 
This angle is called the visual am^gU. Therefore — 
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Mrstj all the diffei^^t sections of the visual (Jone, made by 
the perspective plane, will subtend the same visual angle at the 
eye, placed at the cone's vertex. Hence, tiiough of very differ- 
ent actual sizes and forms, according to their distances from the 
eye, and their positions relative to the cone's axis, they will all 
be of the same appa/rent size and form, when seen from the point 
of sight. The perspectives, cut from a visual cone by parallel 
planes will be similar^ but unequal. But if these planes be not 
parallel, the perspectives will vary both inform and size. 

Second. Objects of very different actfaaL size may have the 
sa/me apparent size^ if placed so as to subtend the same visual 
angle. Conversely, objects of the samie OfCt/oGiL ^s^ may have 
different appd/rent sizes if so^ placed as to subtend different 
visual angles. 

21. The particulars which affect the vi&ual angle, subtended 
by a given body, and consequently, its apparent size, are two: 
its distance from the eye, and the direction^ as perpendicular or 
oblique to it, in which it is viewed. The effect upon the ap- 
parent size of an object, which results from viewing it obliquely, 
is called foreshortemnff. 

22. There now follows from the second of the above princi- 
ples (20) the additional one, that the sense of sight alone, judg- 
ing from the apparent sizes alone, of objects, teaches nothing 
as to their acPuai sizes^ or distances from us. Knowledge of 
the latter facts is obtained mostly through the sense of touchy 
exercised in actually measuring sizes and distances, or trusted 
in much of our knowledge, however acquired, of relative sizes 
and distances. Knowledge of actual sizes and distances also 
arises from the comparative brightness or dulness of similar 
objects, seen in the same light, and by the manner in which they 
conceal one another, or shade one another, and from our know- 
ledge of the law of gravity, as when we know that the apparent 
and real contact of a chair with the floor coincide, since the 
chair cannot support itself in mid-air. 

23. In dismissing the subject of the visual angle (20) and its 
relatiotis, it must be noted that this angle may be regarded as 
solid^ diedral^ or pla/rve. The vertex of the visual cone is a 
solid visual angle ; the visual angle between two tangent visual 
planes to a developable surface is diedral; and any plane 
through the vertex of the visual cone gives a plane visual angle, 
included by the elements of the cone contained in that plane. 
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24. The visual angle very commonly means the one formed 
by lines cut by a horizontal plane, through the vertex of the 
visual cone, that, is through the eye, from the vertical visual 
planes containing the extreme right and left hand points of the 
object drawn. 

25. In the following problems, and generally in perspective 
constructions, the j}erspeetwe plane is placed between the eye and 
the object^ that is, between the vertex and the base of the visual 
cone. The perspective being thus made smaller than the object, 
any instrumental errors in the projections of the latter wiU be 
reduced in the perspective ; whereas, if the perspective plane 
were beyond the object, these errors would be magnified. Neg- 
lecting these errors, however, the perspective would be equally 
true in either case. 

26. All the preceding articles can be readily understood with- 
out pictorial, or oblique projections, by any one familiar with 
descriptive geometry, but for general convenience, the leading 
elementary principles will be presented again, in connection 
with the following introductory problems, and illustrated by a 
part of the pictorial model seen in PI. XYI., Fig. 108. 

Let RR represent the horizontal plane ; GHL, the (vertical) 
perspective plane ; ^, the eye, and M, any point in the hori- 
zontal plane. 

Then M^ is the visual ray from M ; and M'', its intersection 
with the perspective plane, is the perspective of M (6). 

E and E' are the horizontal and vertical projections of the 
point of sight (3). GL is the ground line, and MM' is dpawn ' 
from M, perpendicular to the perspective plane ; and is also 
the horizontal trace of a visual plane through M,M'. This 
plane contains e^\ hence its vertical trace, M'E', which is the 
perspective of MM', passes through E', according to (19). 

The construction of M'' is also obvious, being projected from 
Q, where the horizontal proiection, ME, of the visual ray 
meets the ground line, into M'E', the vertical projection of the 
same ray. 

Example 1. — Construct a pictorial Jigv/rey similar to PL 
XYLy Fig. 108, in which M shad he in space. 

Ex. 2. — Also one to illustrate that the perspecti/oes of amy 
Unes parallel to the perspective pla/ne^ and to each other ^ will 
"be pardUd. 

Ex. 3. — Also one to illustrate thai the perspectives of per- 
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pendiculara to the perspective plcme pass through the oeritre 
of the picture, 

Fboblem I. 

To Jmd the perspective of a pyramid^ and its pedestal^ hy 

visual rays. 

JRemark. — ^In all the problems of this book, a point, etc., is 
briefly named by naming its projections. Thus : the point aa' 
means the point whose horizontal projection is a^ and whose 
vertical projection is a'; the line ab—a'V has a like meaning; 
and the words, " the point aa^ describes the arc ac—a'c^^'* mean 
that the point whose projections are a and a\ describes the arc 
whose horizontal projection is «<?, and whose vertical projection 
is a'c\ 

Let ahd—a'V&d^ PI. I., Fig. 1, be the projections of the 
pedestal ; the square on fg^ and its diagonals, the horizontal 
projection of the pyramid ; and vf'g\ its vertical projection. 
Also let TcL be the ground line, let the vertical plane, thus 
taken a little in front of the axis of the pyramid, be also the 
perspective plane, and let E,E' (E is below Fig. 6) be the point 
of sight. The apparent contour of the given body is obvious 
on inspection. 

Beginning, now, with the upper left hand comer a^a' of the 
pedestal, d^—a'YJ is the visual ray from that point. By 
(Prob. IV., D. G.) — ^to find the intersection of a given line 
with either plane of projection — ^this ray pierces the vertical, 
or perspective plane, at A, which is therefore the perspective of 
a^a\ (This construction, being of constant application through- 
out all parts of descriptive geometry, is here explained in detail, 
at the outset, once for all, as follows :) The intersection, Aj, of the 
horizontal projection of this ray with the ground line, is, since 
it is in the ground line, the horizontal projection of that point 
of the ray which is in the vertical plane, which is the point 
sought. This latter point, being also a point of the ray, its 
vertical projection, which is also the point itself, is the intersec- 
tion of the projecting line through h with the vertical projection, 
a'E', of the ray. This projecting line, which is perpendicular 
to the ground line, will meet the vertical projection of the ray, 
in any given ease, above or below the ground line, according 
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to the relative position of the prqjectioiis of the giren ray and 
the ground line. Thus, the ray aE— J'E, from the lower left 
comer, a,J', of the pedestal, meets the vertical or perspective 
plane below the ground line, at B, the perspective, therefore, 
of ap'. 

The perspective of every point of the object might be like- 
wise found ; but, the front edges of the pedestal being parallel 
to the perspective plane, their perspectives are (17) parallel to 
those edges ; and here observe, that when we- know the dAreo- 
tion of a perspective line, we can find its limits, or any point 
on it, by using either projection, alone, of the visual ray from 
that point. Thus, draw AC, indefinitely, parallel to a^e\ then 
to find C, produce E V till it ineets AC, at C, the perspective 
of d,c\ Or, produce 'Ed {not shown) to the ground line, and 
thence draw the perpendicular which will meet AC at C. 

According to (19) AH is the perspective of the edge ah^-a'. 

The student should complete the construction here begun. 
As the perspective plane is taken through the body of the pyra- 
mid, the perspective of those parts which are in front of that 
planCj will by (25) be larger than the parts themselves. Thus 
AC is longer than ad^aW. 

27. Without proceeding any further with the method of 
visual rays, in the manner just illustrated, its inconvenience can 
clearly be seen : the two projections, the perspective, and the 
lines of construction, being all confounded together ; unless the 
point of sight is placed so far to one side as to bring the per- 
spective, and much of the construction, clear of the projections. 
But, as the perspective plane is supposed to be viewed perpen- 
dicularly, and toward the vertical projection of the point of 
sight, the position of the eye just named is quite objectionable, 
since it corresponds to a very oblique vision of the given objectj 
and hence to a very indistinct view of it. 

28. The next thing to be sought is, therefore, a remedy for 
the confusion to lines just observed. This is found in new 
arrangements of the planes of projection, of which the follow- 
ing are the principal ones : 

J^irst. The perspective plane can be trcmslated, that is moved 
parallel to itBeifj fo?*ward, or tama/rd the eye, till it can be 
revolved back, as usual, into the horizontal plane, without 
bringing down the perspective figure upon the projections. 
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Second. The perspective plane may be Bimaarly translated 
hachwa/pd^ and then revolved. 

Third. Without translating the perspective plane, the hori- 
zontal plane caii be revolved 180°, bringing the plan of the 
given original object in front of the ground line. 

29. All of these methods leave two of the three figures (the 
two projections, and the perspective) in the same part of the 
paper ; still, they suffice very well in finding the perspectives 
of simple objects. But as they only partially remedy the diffi- 
culty encountered, we have, further, the following arrangement : 

Fourth. Make the perspective plane separate from both 
planes of projection, and, for the greatest convenience, perpen- 
dicular to them; ' This method is most advantageously applied 
in finding the perspectives of quite complex objects, or of 
double curved surfaces, which require considerable preliminary 
construction to determine their apparent contour (13). 

30. But a further examination of PL I., Fig. 1, reveals an- 
other difficulty. 

The most natural manner of viewing an object, is to look 
directly, and hbJrizon tally, toward a central point in it, the 
visual ray from which should, if possible, be the central visual 
ray (11). Then, as the perspective plane is supposed to be 
vieWed perpendicularly, its best position is perpendicular to 
this central visual ray, or to its horizontal projection. Thus, in 
PL I., Fig. 1, TcL would better be perpendicular, or nearly so, 
to Et;, or E,E^ should be placed so as to make Ey perpendicular 
to the present position of ItL. 

But, in either case, the construction by visual rays, as shown 
at A, would give rise to very acute, and therefore poorly defined 
vintersections, for most of ' the points sought. Hence other 
methods of construction^ 2A well as other dispositions of the per- 
spective and other planes, are necessary. These new methods 
we wiU now proceed to unfold 

THEOREM L 

Thsperspeo^mvimieJim^pointqfa sy$tem of paraUd UneSjis 
the intersection of a visual ray^pa/rallel to the^m^ with the 
perspective plam>e. 

31. If visual planes, as AB— E, and CD— E, PL I., Fig. 2, 
be passed through each one of a system of parallel lines, as 
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AB, CD, etc., they will intersect each, other in a visual ray^ 
ER, parallel to the given lines. The traces, BV, EV, etc., of 
these visual planes, on the perspective plane, are the perspec- 
tives (16) of the lines, and these traces will all meet at V, 
where the parallel ray, ER, common to all the planes, meets 
the perspective plane. This point will be the perspective of 
the point R, at an infinite distance from E, where this parallel 
visual ray meets the given parallels of the point R. Now R, 
being at an infinite distance, is the real vcmishmg pointy m 
space^ of AB, etc., where they disappear from sight ; but V, 
its perspective, only being accessible for use, is commonly 
called the vanishing point. 

32. Hence, to find the vanishing point of any line, or system 
of parallels, we have the following rule : Drom a visual ray 
pa/raUd to these H/iies^ wndjmd its intersection with thep^rspeo- 
imepl/Mfhe; which wiU "be th^ point reqwwed. 

33. The following results obviously arise from the theorem 
just explained : 

1st. AML perpendiculars to the perspective plane have the cen- 
tre of the picture (11) for their vanishing point, as otherwise 
proved in (19). 

2d. All horizontal lines have their vanishing points in a hori- 
zontal line through the centre of the picture. This line is 
called the horizon. 

3d. All pa/raMels to the perspective plane will hj^ve no van- 
ishing point. Hence their perspectives will be parallel to the 
lines themselves (17). 

34. In PI. XYI., Fig. 108, now, for example, MN, and MK, 
are horizontal lines, and HE', parallel to GL, is the horizon 
(33). Hence we see that ^V, a visual ray parallel to MN, 
and eY\ parallel to MK, pierce the perspective plane at V and 
y, the vanishing points, in the horizon, of the given lines (33). 
Likewise, it is clear that E', the centre of the picture (11) is 
the vanishing point of MM', and of all perpendiculars. 

Example. — Construct a figv/re^ svrmla/r to the last^ hut in 
which the given Unes shaU be parallel in a/ny direction in space. 
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THEOBEM n. 

If a gi/ven point he at the mtersection of two UneSj its per- 
spectwe loiU he at the intersection of theii/r peT»pecftme%. 

35. For these perspectives are the traces, on the perspective 
plane, of the visual planes through those lines. But these 
planes intersect each other in a visual ray, which will contain 
the given point, and the intersection of their traces. Hence 
the latter point, being thus shown to be the intersection of a 
visual ray with the perspective plane, it will be the perspective 
of the given point, through which that ray passes. 



THEOREM m. 

The perspective of a straight line Joins the trace of the Ime 

with its vanishing point. 

36. The vanishing point of such a line has already been 
shown to be one point of its perspective, and as two points 
determine the perspective, it is only necessary to show that the 
trace of the line, that is, its intersection with the perspective 
plane (6), is also a point of its perspective. 

37. Now the intersection of any Ime with the perspective 
plane is a point of its perspecime^ since the line intersects the 
perspective plane in the trace of the visual plane through it ; 
and this trace is the indefinite perspective of the line. 

38. Otherwise : The point in which a line pierces the per- 
spective plane, briefly called its' trace on that plane, is one point 
of its perspective, since the visual ray from that point pierces 
the perspective plane immediately at that point. In short, the 
point supposed is its own perspective. 

39. In illustration of this theorem, and of (35), see PI. XVI., 
Fig. 108. 

Fi/rst^ KV is the perspective of MK, since K is its trace, or 
intersection with the perspective plane, and V is its vanishing 
point. Likewise, NY is the perspective of MN (35). Hence, 
second^ M", the intersection of the perspectives, KV and NV, 
is the perspective of M, the given point through which MK 
and MN were passed. 



The two theorems, just demonstrated, should be made thor- 
oughly familiar, as they are of coustant use in finding the 
perspectives of the auxiliary lines used in constructing the 
perspectives of points. 

Example. — Let the above figure he constnccted with M in 
a/n/y position in space. 

40. Principles, analogous to those concerning vanishing points 
of lines, are true in respect to planes. Thus, visual rays, paral- 
lel to any two lines in a given plane, will, by (31), pierce the 
perspective plane in the vanishing points of those lines. But 
these visual rays determine a visual plane, parallel to the given 
plane, and which will therefore contain the visual rays paral- 
lel to aU lines in the latter plane. Hence the v^anishing 
points of all lines of the given plane, will be in the trace, 
on the perspective plane, of the parallel visual plane. Hence 
this trace is called the va/nishing line oi the given plane. 

41. Otherwise : Parallel planes actually vanish together, in a 
line of intersection at an infinite distance. That one of these 
planes which poises through the eye is the visual plane, whose 
trace on the perspective plane is tKe perspective of that infi- 
nitely distant vanishing line in space. This perspective is, itself, 
for convenience, called the vanishing line of the given planes. 

42. Briefly summing up the two last articles, we have these 
principles: 

1°. All parallel planes have the same vanishing line. 

2°. This vanishing line is the trace, on the perspective plane, 
of a parallel visual plane. 

3°. This trace is determined by the points in which two 
visual rays parallel to any lines in the given plane, or planes, 
pierce the perspective plane. Hence, 

4^. The vanishing line of any parallel planes, contains the 
vanishing points of all lines in those planes. Or, all lines in 
any plane, or pa/raUd to it^ have their vanishing points in the 
vanishing line of that plane. 

5°. Any line, through the centre of the picture, is the van- 
ishing line of all planes parallel to it, and perpendicular to the 
perspective plane. 

6®. Therefore, ihA horizontal Une^ is only that case of vanish- 
ing line just mentioned, which corresponds to horizontal planes, 
arid has no general properties different from those of the vanish- 
ing lines of any planes, perpendicular to the perspective plane. 
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. 4$. For purposes of construction, we may now express the 
preceding principles in the following — 

THEOREM IV. 

The vanishing Une of any plane is a pa/raUd to the vertical 
trace of ihdt plams^ through the vanishing point of its hori- 
zontal trace. 

For, Jlrstj parallel planes have parallel traces, and the re- 
quired vanishing line is the vertical trace of a visual plane 
parallel to the given plane. Hence this line is parallel to the 
vertical trace of the given plane, as stated. 

But, second, this vanishing line ^dso contains the vanishing 
points of all lines in the given- plane, and the horizontal trace 
of that plane is such a line, and one whose vanishing point is 
most simply found, it being in the horizon. Hence the Theo- 
rem is proved. 

Pboblsm IL 

To Jind the vanishing Une of gi/ven parallel planes, and the 
perspective of a Une in one of the planes. 

^ U. Let PQP', PL VII., Fig. 69, and BSR\ be the given 

planes, and ££^, the point of sight. The required vanishing 
line is the trace parallel to F'Q, on the perspective plane, of a 
visual plane parallel to the given planes. Draw the ray ££ — 
£^£', parallel to PQ and SS, the horizontal traces of the given 
planes. It pierces the perspective plane at k\ through which 
k'v^ parallel to QP', is the required vanishing line. 
'ExAMPL^.-r-Constnict Tdv' hy the general metkod of (42-^3°). 

45. AH lines in a plane, or in parallel planes, vanish in the 
vanishing line of that plane, or those planes (42 — 4°).. Thus 
let Rti — m'W be a line in the plane RSR'. Its vanishing point, 
v\ being on k^v^ is therefore found by drawing either projection, 
(only, of the visual ray parallel to it. Thus v^ is the intersection 
of Wv\ parallel to rnfn\ with Jc'v\ or of the vertical w^ with 
Jc'v\ observing that Ev is parallel to Rn. But n\ the intersec- 
tion of the given line with the perspective plane, is a point of 
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its perspective. Hence in!v' is the indefinite perspective of 
Rw. — m!n\ 

Again, parallel lines have the same vanishing point, hence — 
p'^o' is the perspective of op — o'p\ a parallel to Rn — rn!n\ 

46. We will here introduce some examples, of the more ele- 
gant kind, of the earlier methods of construction, which are 
distinguished by employing, generally, but one fixed plane of 
projection, viz., the perspective plane, into which various 
auxiliary planes are revolved. 

Pboblem III. 

Ha/ovng gimen tJie centre and distance of the picture; and the 
inclination of a given plane to the perspeeti/ve plane, together 
with the direction of its trace on that pUme; to fmd the 
vam^ishing Une of the given plane. 

First When the given plane is parallel to the ground line, 
Fig.l. 

Let EH be the horizon, E the centre of the picture, EE'' its 
distance from the eye, and ^ the complement of the inclination 
of the plane to the perspective plane. E^' is here the point of 
sight revolved horizontally about its vertical projection, E, as a 
centre, and into the horizon. Then E^'M is simply the revolved 
position of the visual ray, parallel to the given plane, and mak- 
ing the same angle with the perspective plane, that the given 
plane does. Hence M is a point of the required vanishing line, 
which, being parallel to the horizon, is so drawn, as at MV. 

Second. When the trace of the given plane, on the perspec- 
tive plane, has any direction, as TT, Fig. 2. 

Simply consider that EE", parallel to the given direction, 
TT, has the same relation to the required vanishing line, that 
EE'' has in Fig. 1. That is, let KEM be the vertical trace of 
a plane, perpendicular both to the perspective and given planes, 
and revolve this plane about that trace and into the perspective 
(vertical) plane ; and E'' will be the point of sight, revolved into 
the latter plane ; and EE" will show its true distance from the per- 
spective plane. Then E"M being, as before, the revolved visual 
ray, parallel to the given plane, and showing at EME^' the angle 
included by the perspective and given planes, M is one point 
of the required vanishing line MV, which is parallel to EE''. 
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Pkoblem IV. 

Hamng given the centre^ and distcmce^ of the pictMre^ to Jmd 
the vanishing point of all perpendicula/rs to a given pla/ne / 
or the vanishing line of all plamM .perpendioula/t to a line 
whose vanishing point is known. 

Fi/rst In both the preceding figures, E'^K, perpendicular to 
E'^M, is the visual ray, perpendicular to the plane whose van- 
ishing line is MY, and whose inclination to the perspective 
plane is E'^ME. And this ray evidently pierces the perspective 
plane as at K, in the trace of the perpendicular plane, KEM, 
containing it. Hence K is the vanishing point of the pei'pen- 
diculars required. 

Second, K being given, and E^' found, as above, draw KE 
and produce it, and also E"M perpendicular to KE", and M 
will be a point of the required vanishing line MV which will 
be perpendicular to KE. 

Here observe that if any ptane be perpendicular to the 
plane TT, its vanishing line will pass through K, the vanishing 
point of all lines perpendicular to the plane TT. 

47. We will next, in returning to familiar methods, illustrate 
the foregoing principles in problems embracing the translation 
of the perspective plane, and the use of the vanishing points 
of lines, and the points in which they pierce the perspective 
plane, both of which have been proved (Th. III.) to be points 
of their perspectives. 

Pboblem V. 

To find the perspective of a sftraight line hy mea/ns of vistcal 
rays; and with the perspective pkme translated forward. 

Let ah — a^h\ PI. I., Fig. 3, be the given line, and E,E' the 
point of sight. When the perspective plane is translated, it 
continues parallel to its first position, and carries the perspec- 
tive figure with it, unchanged. Hence GL, being the ground 
line of the first position of the perspective plane, is its real 
position, and when it is translated to G'L', the point of sight 
remains fixed, so that its horizontal projection, E, remains as 



' C' 



c: 



/st / ^ 
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before, and E'', its translated vertical projection, continues in 
the line E— E', at a distance YI'd", above G'L', equal to YJd'. 
In the details of the succeeding main step of the solution, two 
methods may be adopted, both of which are here illustrated. 

First. Drawing the ray, clEa — a'E', we find its intersection 
with the real position of the perspective plane at A', and im- 
mediately remove this point to A, making -^7i=AW. The 
construction of A' can then be erased to avoid confusing the pro- 
jections. Second : V may be shown in translated position at 
V' ; and JE — J"E'', the visaal ray from it, pierces the perspec- 
tive plane at B, the perspective of h^V. This method, therefore, 
is equivalent to making the vertical projection of the given 
object only on the translated position of the perspective plane. 



Problem VI. 

To find the perspectvoes of two parraUel straight lines y hy means 

of their vanishing points and traces. 

Let ah — a^h\ PI. I., Fig. 4, be one of the given lines, having 
any position in space, behind the perspective plane, which 
stands on the ground line cv. This figure, being very simple, 
the perspective plane is not translated. EE' is the point of 
sight. Then TSiV — ^E't;', which pierces the perspective plane at 
v\ is the visual ray drawn parallel to ai — a'J', and v' is there- 
fore the vanishing point of ai — a^V and of aU parallels to it. 

The trace (36) of ah — a^b^ is c\ another point of its perspec- 
tive, and c'v^ is the indefinite perspective of ah — aV. The 
perspective, h^v\ of any parallel to ah — a^h\ as fg—fg^^ joins 
h\ its trace, with v' its vanishing point. 

Visual rays from any points of cih — al>' will meet the per- 
spective plane in the indefinite perspective of the line. Hence, 
if we wish to find the perspective of the definite line ah — a'V^ 
we merely draw, a'E', and J'E', vertical projections of visual 
rays, and their intersections with c'v' give AB as the definite- 
perspective of oib — a'V. 

2 
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Fboblem Yll* 

To find the perspectwe of a prismatic Uook^ resimg on ^ Tiori- 
zontal plome ; tymecmsofihsvcmiahi/ngpoinUa/^ 
its edges. 

Let abod^ PI. I., Fig. 6, be the plan of the block, and E,E' 
the point of sight, qp is the original, and q^j>' the translated 
position of the perspective plane. Making jt^'^j'^', at a distance 
from q'p' equal to a'f^ the height of the block, it will be the 
trace, on the perspective plane, of the plane of the top of the 
block, and will therefore contain the intersections, <y'', o'\ n'\ 
and J?'', of the top edges with the perspective plane. Also, i?/', 
^/', at a distance from the ground line, p^^^ equal to the height 
of E' above pq^ is the horizon ; which contains the vanishing 
points of all the top and bottom edges, since the^e are hori- 
zontal. 

The rest of the solution is evident by inspection. 

48. It is evident, on examination, first^ that the edges, or 
elements, of a body can well be used as lines of construction, 
as just shown, only when they occur in a few sets of parallels ; 
and, second^ that, as seen at G, this method sometimes occa- 
sions intersections too acute for accuracy. The latter diflSculty, 
and the similar one noted in (30) can often be avoided as fol- 
lows : Translate a point, as J,^, PI. I., Fig. 5, to the right or 
left, and parallel to the ground line, and find its perspective, 
G^ (not shown) by a visual ray. Then G will be on a parallel 
to the ground line through G'. This parallel will intersect 
some other line of construction, as the vertical projection of 
the visual ray from J,y, in a well-defined intersection. 

49. It now remains to devise other systems of auxiliary lines, 
arranged in parallel sets. Two such sets are necessary, since 
in other methods than that by visual rays alone, every point of 
the perspective is found by the principle of (Th. 11.) that the 
perspective of any point in spa^ce is the intersection of the per- 
spectmes of amy two lines through that point. 

50. The most generally convenient systems of auxiliary lines 
ftre those called perpendiculars and diagonals. A perpendicu- 



lar is any • line pei^ndicnlar to the per^ctiTe plane. A diag^ 
onal is any harieontal line, making an angle of 45^ with the 
perspective plane* 

61. By (33) the vanishmg pomt of ad perpendicular's is E', 
the vertical projection of the point of sight, or the centre of 
the pictore. Likewise, the vanishing point qfdioffOTiala' must 
always be on the horizon (33) at a distance from E' equal to 
the real distance of the point of sight from the perspective 
plane, shown by the distance of its horizontal projection, E, 
from the original^ or real^ position of the ground line. 

52. The method of diagonals and perpendiculars may now 
be stated thus : Having any point whose perspective is to be 
found, pass a perpendicular, and a diagonal, through it, and 
find their perspectives. The intersection of these perspectives^ 
will be the perspective of the given point 

But the perspective of either a diagonal, or a perpendicular^ 
is found by the method of Prob, VI., by joining its trace with 
its vanishing point. 

Finally, as diagonals and perpendicnlaifs are all horizontal, 
they will, if passed through a point in the horizontal plane, 
pierce the perspective plane in the ground line ; and if passed 
through any other point, they will pierce the same plane as far 
above or below the ground Une, as the point is above or below 
the horizontal plane. 

63. The perspective of a straight line has already been de- 
fined (16) as the trace, on the perspective plane, of the visual 
plane containing the line. Accordingly, it is sometimea con- 
venient to use viswd planes as auxiliaries in construction, a& 
well as auxiliary Unes of any kind. Now, but one visual plane 
can be passed through a line^ not oontaining the point of sight, 
and this plane will be determined by that line, together with a 
visual ray through any point of it. But any number of difier- 
ently placed visual planes can be passed through a point; 
hence, if we find the perspective of successive points on a line, 
by means of visual planes, we can give these planes any de- 
sired position. A vertical one is generally most convenient. 
Indeed, as the trace on the perspective plane is the one which 
contains the perspective of the given point through which the 
visual plane is passed, no new method is really afforded by 
placing visual planes perpendicular to the perspective plane; 
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for the vertuxd trace of such a pTxme through any point, the 
vertical project^^on of a visual ray^ from the eame point, and 
^B perspectvve of a perpendicvla/r^ through the Bame point, all 
coincide. 

A vertical visual plane through a central point, or vertical 
line, of an object, is a central vertical visual plane. 

54. By now adopting a suitable number and arrangement of 
planes of projection, and methods of construction, the perspec- 
tive of any point, on any object, can be found. For among all 
the methods of construction, if one fails at a particular point 
another will conveniently apply. 

55. In applying the last article to finding the perspectives 
of that large class of objects, such as many buildings, whose 
lines are arranged in a few sets of parallels, the method of 
using these lines themselves, and their traces and vanishing 
points, as in Prob. VII., should be freely used. First To 
avoid crowding the figure with foreign lines of construction. 
Second. Because all parallels really do have a common vanish- 
ing point, but if, through instrumental errors of construction 
by other methods, they fail to have such a vanishing point in 
the drawing, the perspective becomes more disagreeably dis- 
torted than by any other ordinary error ; since, in perspective, 
errors in the direction of lines ofiend the eye more than errors 
in their l&ngth, 

56. To complete this introduction to the systematic general 
views, and detailed illustrations of the various particular methods 
of perspective, given in the next chapter, we here add separate 
constructions of the perspectives of diagonals and perpendicu- 
lars ; a modification of the method of visual rays, as applied to 
a line as h — Vg\ PI. I., Fig. 5 ; and an example of a visual 
plane passed through any Une in space. 



Problem VIII. 

To Jmd th£ perq>e€tnA)e of a/ny perpendioul^ 

A perpendicular (60) may have either of these three different 
positions : it may be m the horizontal plane, above it, or hdow 
it. In either case, the centre of the picture (11) is its vanishing 
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point, and this, with its own trace (36) on the perspective plane, 
will (Th. III.) determine its perspective. 

Now, PI. L, Fig. 7, let ah — V ; ef—e' ; and cA — d' have, 
respectively, the three positions named ; let the perspective plane 
be translated forward from the original position fh to the posi- 
tion hb'\ and let E' be the primitive, and E'' the new position 
of the vertical projection of the point of sight or centre of the 
picture, these points being equidistant from their respective 
ground lines. 

Then, remembering that a perpendicular to the vertical plane 
pierces that plane in the point which is the vertical projection 
of the perpendicular, VYJ' is the perspective of cih — V — V ; 
d!'YJ' is the perspective of cdn-d'--d" ; and e'"^" is that of 

Bema/rk. — ^Recollecting that the vanishing point is (31) 
j//jj//^ for instance, is the perspective of an infinite length of 
ah — V from the perspective plane at & in the direction ha; and 
the like is true of any line. 



Pboblem Q[. 
To find the ;per»pec(me of <my didgonal. 

A diagonal (50) may have the same varieties of position as 
a perpendicular ; and its perspective is likewise determined by 
its vanishing point and trace. 

Now let dh—a% PI. I., Fig. 8, be a diagonal in the horizontal 
plane ; cd — c'd\ one at the height dd' above it ; and hg — h!^ 
one at the distance hh' below it. If, then, E,E' be the point of 
sight, draw the visual diagonal, E/* — ^E'D^, which pierces the 
perspective plane at D', which is therefore the vanishing point 
of cd — c'W and of all parallel diagonals. Likewise E<9 — ^E'D 
determines D, the vanidiing point of all diagonals parallel to 
7vg — K'gi, Then as the three given diagonals pierce the perspec- 
tive plane at J, d\ and A', respectively, 5D, tZ'D, and A'D' are 
their perspectives. 

Bemctrk.-^hi this problem the perspective plane was not 
translated. 
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P^BLEM X. 

To find tJu pers^peic^es of poi/i^ raya^ v>hen the pro- 

jeetmg planes of those rays a^eneoHy or quite perpendAmUm* 
to the ground H/ne. 

' Let the giveii points be the extremities of the vertical line, 
a — a% PI. I., Fig. 6, and let E,E'jE'' be the projections, before 
and after translation, of the point of sight. To find the traces 
of the visual rays, as dE^ — a^E^in such a case revolve the ver- 
tical visual plane EJ'a', containing it, about either of its traces, 
amd into one of the planes of projection, when the supposed ray 
will be found in an available position. Thus by revolving the 
plane EJV to the; bright,, about its horizontal trace Eft', till it 
coincides with the horizontal plane, the line Ot-kiIV will appear 
at fla^', the point EE', at E''^, and the visual rays from «,a' and 
a^\ at aSJ'^ and a"YJ". Hence A' and B' are the revolved 
positions of the perspectives of a,a' and a^'. Therefore, by 
making AB equal to A'B', and B^ equal to B'J', AB will be 
the perspective of a — a'V on the translated position of the per- 
spective plane ; whose ground line is IcL. 

Example. — Expiami the eanstncctiony partiaHf/ indicated, of 
the perspective of the vertical line p' — r^p', PI. Z, Fig. 6, 
where thelAneitself is reool/ved as atpp". 



Problem XI. 

To pass a mxadl pla/ne through <my straight line. 

^ Any two intersecting straight lines determine a plane. If 
either of them be a visual ray, the plane will be a visual plane, 
passed through the other one. Hence, to solve this problem, 
pass a visual ray through any point of the given line. Its 
traces, together with those of tie given line, will determine the 
traces of the visual plane, 
i The oonstroction of PL I., Eig, 9y will now be evident. 
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CHAPTER n. 

eE^mBAL TABLES AKD FUNDAMENTAL PROBLEMS. 

SECTION L 

General Tables. 

57. By collecting, arranging, and expanding the resnlts of 
the previous chapter, the following general tables and illustra- 

Table I. 

Of the nttmber and position of the jprmcipal plcmes of prqjeo 

tion used in jperspective. 



\ 



Thesb 

PLAlOiS 
HATBB 



Two. 



Thbsb. 



FOUB. 



A. — Of wMch the yerfcical 
' is also the pexspeotiye 
plane. 



B. — Of which the pexspeotlTe 
plane may be taken. 



r a. — ^Parallel to the Ter- 
tical plane. 
b. — ^Perpendicular to 
-^ the ground line. 

o. — ^Perpendicular to 
the central verti- 
cal visual plane. 



0« — Of which the horizontal 
visual plane is one, and 
used as a horizontal 
plane of projection. 

D> — Of which the perspec- 
tive plane is parallel 
to either vertical one 
of three co-ordinate 
planes of projection. 

B« — The perspective and 
original (57) planes, 
and the visual planes, 
parallel to them. 
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tive problems arise. They should be thoroughly studied and 
applied, since they embrace in a very condensed form the ele- 
ments of every method of constructing the perspectives of 
objects. After due familiarity with them, their application in 
finding the perspectives of any real objects or structures, with 
their shadows or reflections, can be readily made. First in 
order comes Table I., on p. 23. 

By an original pUme (a term formerly used) is meant any 
plane, containing a figure whose perspective is to be found. 

58. After choosing the number and real position of the planes 
of projection from the preceding table, and supposing the pro- 
jections of any object to be given upon them, the next step, 
preliminary to the immediate construction of the perspective 
of that object, is to find its apparent contour. Hence follows— 

Table n. 

Methods of deterrrmvmg wppa/rent contours. 



Afpabbnt 

oontoxjbs 

may be 

found on 



I. Plaru sided bodies, UBually bj inspection, or bj simply draw- 
ing a visual ray from a supposed point of contour. 

n. Developable vwrfacee, by drawing visual planes tangent to 
them, whose elements of contact will be those of appar- 
ent contour. 



in. AU other curved 
eurfacea. 



First: By means of tangent visual 
planes, whose points of contact wiU be 
points of apparent contour. 
Second: Bj secant visual pilanes,catr 
' ting sections from the surface, to which 
visual rays will be taugent at i)oints of 
apparent contour. 

Third: By projections of tangent 
^ visual rays on any meridian planes. 

59. Having found the apparent contour of a body, its per- 
spective can then be found. Hence the following — 
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Table ZIL 

General methods of constrtcctmff perspectives. 



I. — ^By vifiiial rays, 
given — 




-By theli prqfectiom only. 

- *' the reoohed rap itself. 

- " a sepazate distorted representation 

of the ray itsdf (old method). 



r ut.-^j 



n. — By points of 
oonoonzse. 



Perspec- 
tiyes of 

points 
may be 

found — 



1. — TaJdng anp pair 
of wuaiUa/ry 
UneSy throngh 
the point, &e 
intersection of 
whoseperspeo- 
tiyes is the 
perspectiye of 
the point; 



2^ 



yjm^ any iiisual 
piemtf with any 
one duxQiary - 
line throngh 
eadh point, 



3^ 



m.— By oo-ordi- 
nates. 



Using any pair 
ofmsualptanes 
tiie intersec- 
tion of whose 
traces on the 
Persp. PI. will 
betheperspec- 
tiye of tho 
point. 



'U/hesoftheob- 
jeety where 
in parallel 
sets. 

2d, — Diagonals and 
perpendioU' 
ta/rs; or 
pairs of di- 
agonals. 

3d — Lines yea4ihMia' 
ing pa/raUd 
projections. 

ah. — verticals or 
paraUds^BsndL 
any other 
Unes. 

6th. — Chords of the 
angles be- 
tween giyen 
lines and the 
perspectiye 
plane, with 
any other 
lines. 

1st. — Vertical visual 
planes and 
Unes of the 
object. 

%d. — Vertical visual 
planes and 
diagonals. 

dd. — Vertical visual 
planes and 
perpendicu- 
tars. 

iih. — VerticaliBisual 
planes and 
verticc^y or 
parallels to 
the ground 
line, etc. 
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60. The perspectives being now supposed to be found on the 
perspective plane in space, the final step is to clear the perspec- 
tive from the projections. Accordingly here follows — 

Table IV. 

Methods of transposing the perspectme plcme^ to a/void con- 
foundi/ng the projedions wad the p&r»peotmes. 



In case of two 
planes 



In case of thiee 
orfoniplalieB 



l"* — TrantAftted forwa/rd before reydntion into the 
plane of the paper. 

S"*. — Trandated backward before such revolu- 
tion. 

3**. — Revolved without translation, provided the 
horizontal ptaiM is reedhed 180 . 

" 4t°, — The perspective plane, pceraUd to the vertical 
plane, maj be taken at such a distance from 
it as to be revolved directly back, without 
confounding itself with the vertical plane. 
5°. — Trammed to ths right or left, and then re- 
volved about either trace into a plane of 
projection. 
6°. — The perspective plane translated backward^ 
and the visual horieontal plane revolved 
doion into it. 

^T"*. — ^In Table I., E, the two vertical planes axe 
each revolved forward ; and then the figure, 
PI. XVI., Fig. 106, is revolved 180" around 
a vertical axis. 



SECTION n. 



Fundamental Problems. 



§ 1. — Apj7a^ent contours, 

61. As stated in Table II., the apparent contour (7) of a 
pUme sided hody can usually be determined by simple inspec- 
tion. If the body is wholly in space, it may, however, be con- 
venient to produce its faces till they intersect one or more 
planes of projection. 

The apparent contour of a developable swrface consists sim- 
ply of the elements of contact of two tangent visual planes, 
the construction of which is very easy. Hence the finding of 
the apparent contours of these, and of plane aided bodies will 
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be safficiently exhibited in the general problems of the follow- 
ing chapters, without separate treatment here. 

The three cases of (III.) Table II., are, however, here illus- 
trated, both for con/vex and C07ica/ve surfaces, and with two, or 
three planes of projection. The problems are enunciated with 
direct refigrence to the notation in the tables employed in each. 
Thus, the following references are to Table I. — Two planes. 
Table II. — Secant visual planes. Table IV. — The perspective 
plane translated ybn«?arc?. 



FSOBLEM XII. 

To jmA jmnts of the apjpa/rerU contov/r of a sphere 

h, ( L— A. 

J \ I . — III., Second. 

Let the equal circles, with O and O' for their centres, PI. 
II., Fig. 10, be the projections of the sphere, and E,E" the 
point of sight ; after translation of the perspective plane for- 
ward. EaJ iB the trace on a horizontal plane 0'h\ through 
the centre of the sphere, of a vertical secant visual plane, which 
cuts the sphere in a circle whose horizontal projection is aJ. 
Eevolving this plane into the plane O'A', and to the left, E,E'' 
will appear at E''' by making EE''' perpendicular to the axis 
EJ and equal to E'^'A'. The circle oJ will appear as a circle, on 
a& as a diameter, and E^'^T^' and E''' tf^ will be revolved posi- 
tions of visual rays tangent to this circle at T'' and 1/\ which 
are therefore revolved positions of points of apparent contour. 
In returning the plane Eft to its primitive position, these points 
revolve in arcs perpendicular to the axis EJ, and appear at T 
and t ; which are vertically projected at T^ and t^ by making 
T'*=TT'' and ^V=^'. Therefore, T,T' and tjlf are points of 
apparent contour. 

Any other secant visual plane, as E^, wiU give two other 
points. 

Rema/rlcB. — ci^. Secant visual planes might also have been 
placed perpendicular to the vertical plane, and revolved into 
that or a parallel plane through the centre of the sphere, or 
revolved into or paraUd. to the horizontal plane. Also vertical 
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planes, as E5, might have been revolved into or parallel to the 
^vertical plane. 

J. Other points of contour are easily found by tcungent visual 
planes perpendicular to the planes of projection. Thus, the 
vertical plane EN gives the point IS^n^ on the horizontal great 
circle. Also E^'P', perpendicular to the vertical plane, gives 
the point P^ on that great circle which is parallel to the ver- 
tical plane. 

Example 1. — Let E' he hdow 0'h\ 

Ex. 2. — Let the perspective plame he translated la^hwa/rd, 

Ex. 3. — Let the vertical secant planes be revolved into or 
pa/raUel to the vertical plane of project/ion, 

Ex. 4. — Ljd the secant visual pla/aes he perpendicular to the 
vertical plane. 

Pkoblem XIII. 

To Ji/nd points of the appa/rent contov/r of a piedouche 

h\ I.— B— b. 

( \\,—lll., First. 

The piedouche, a little pedestal, is principally bounded by a 
concave surface of revolution. Let AB— A'B'S', PI. II., Fig. 
11, be the piedouche, E,E' the point of sight, and let the per^ 
spective plane (not shown) be perpendicular to the ground line. 

The points of contour on the least horizontal circle, and on 
the meridian curve, parallel to the vertical plane of projection, 
none of which are shown, are readily found as in the last prob- 
lem. The former points are in vertical tangent visual planes. 
The latter are in tangent visual planes perpendicular to the 
vertical plane. 

To find intermediate points : Assume any horizontal section, 
mV— 772^T, and make it the base and circle of contact of an 
auxiliary tangent cone whose vertex v^v^ will therefore be in the 
axis, v—a'h\ of the piedouche. Two visual planes can be 
drawn tangent to this cone, and, at the intersection of their 
elements of contact with the circle of contact, m!n\ they will 
be tangent to the piedouche also, giving thus two points of 
apparent contour. Now these planes will be determined by 
the visual ray tjE—i^'E', through the cone's vertex, and their 
traces on the plane mT', by the intersection of this ray with' 



lar is anyi line pei^ndicnlar to the perspeotiTe plane. A dlag^ 
onal is any horieontal line, making an angle of 45^ with the 
perspective plane. 

51. By (33) the vanishing pomt of aU perpendievla/rs is E', 
the vertical projection of the point of sight, or the centre of 
the picture. Likewise, the vanishing paint of diagonala' must 
always be on the horizon (33) at a distance from E' equal to 
the real distance of the point of sight from the perspective 
plane, shown by the distance of its horizontal projection, E, 
from the origvnal^ or real^ position of the ground line. 

52. The method of diagonals and perpendiculars may now 
be stated thus : Having any point whose perspective is to be 
found, pass a perpendicular, and a diagonal, through it, and 
find their perspectives. The intersection of these perspectives* 
will be the perspective of the given point; 

But the perspective of either a diagonal, or a perpendicular^ 
is found by the method of Prob. VI., by joining its trace with 
its vanishing point. 

Finally, as diagonals and perpendicnlavs are all horizontal, 
they will, if passed through a point in the horizontal plane, 
pierce the perspective plane in the ground line ; and if passed 
through any other point, they will pierce the same plane as far 
above or below the ground line, as the point is^ above ox below 
the horizontal plane. 

' 53. The perspective of a straight line has already been de- 
fined (16) as the trace, on the perspective plane, of the visual 
plane containing the line. Accordingly, it is sometimea con- 
venient to use visual planes as auxiliaries in construction, a& 
well as auxiliary lines of any kind, ^ow,^ but one visual. 'plsaie 
can be passed through a line, not containing the point of sight,, 
and this plane will be determined by that line, together with a 
visual ray through any point of it. But any number of differ- 
ently placed visual planes can be passed through a point/ 
hence, if we find the perspective of successive points on a line, 
by means of visual planes, we can give these planes any de- 
sired position. A vertical one is generally most convenient. 
Indeed, as the trace on the perspective plane is the one which 
contains the perspective of the given point through which the 
visual plane is passed, no new method is really afforded by 
placing visual planes perpendicular to the perspective plane; 
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be drawn tangent ta W.d/' produced, giving another point of 
contour, in the same manner. 

FasBing to the next topic, Wd/ is the vertical trace of a hori- 
zontal visual plane, containing the circle T^t—dfh^ The tangent 
visual rays, ET and E^, can therefore at once be drawn, giving 
T,T- and t^t^ for points of apparent contour. 

Other secant visual planes would intersect the piedouche in 
curves, each of which would require a series of auxiliary planes 
by which to construct it. Hence, as before stated, only four 
points are readily found by this method. 

Fboblem XT. 

To JmdpomU of appwrent contov/r on a piedouchey 

-B— b. 
-III., Tfdrd. 



Ml\ I.— B— b. 
III.-] 



Continuing to refer to PI. II., Fig. 12, AH is the horizontal 
trace of any meridian plane on which E,E' is projected by the 
perpendicular EF at F. When the plane AH is revolved about 
the axis of the surface, A-r-a'V^ till parallel to the vertical 
plane of projection, F appears at F'', and in vertical projection 
at F''', since EF is in the horizontal plane Erf'. Then F" V 
is the revolved position of the projection of a visual ray upon 
the plane AH, and t^'' V the revolved position of a point of 
contour, and vnl■i^ found a& was (x/ in the . last problem, is its 
true position. To prove this, it is only necessary to consider, 
Ist^ that the point of contact of a tangent visual plane is a 
point of apparent contour ; 2rf, that a tangent plane to a sur- 
face of revolution is perpendicular to the meridian plane 
through the point of contact ; 3rf, that, therefore, the point 
of contact of the trace of the tangent plane on the meridiaa 
plane, with the meridian curve, is the point of contact of the 
tangent plane ; but ^hy that thi^ trace is by (2rf) the projection 
upon the meridian plane of any line in the tangent plane. 
Hence u^u^ which, by construction, is the point of contact 
of the projection of a visual ray on the plane AH, is the point 
of contact of a tangent, visual, plane, and is therefore a point 
of apparent contour as required. 

Any number of points of contour between cc\ the lowest and 
the highest^ can be found by this method, as well as by that of 
auxiliary tangent cones or spheres, as explained in Frobij XTTL 
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§ 2. — Perspectives of points wnd straight lines. 

62. To afford the readieet meauB of eomparmg methods of 
solution in the following problems, one and the same magni- 
tude, similarly placed, also, in nearly every ease, will be given 
to be put in perspective. That magnitude will be a definite 
straight line, one end of which shall rest on the horizontal 
plane, and the other shall be in space. 

63. This being understood, the problems will still be enun- 
. ciated in the briefest manner by reference to the notation of 

methods found in the preceding tables. 

Thus, to find the perspective of a straight Une by 

I.— A. 
1 1 L— II., l-2t?. 
IV— 1". 

means : To find its perspective by the method, Table I. (A), 
of two planes; using Table III. (Il.yl)yj>cm*s of auxiliary 
lines, which shall be {2d) diagonals and perpendiculars : and 
with the perspective plane. Table IV. (1°), translated forward, 
before revolution back into the horizontal plane. The number 
of the table in every case is the one first given. 

It will not be necessary to give examples of every combina- 
tion of methods which the preceding tables would afford. 
Enough, however, will be given, and sufliciently varied, to 
enable the student to make use of any combination of methods 
that he pleases. 

64. Table III. being of chief importance, the order of the 
following problems will be, principally, that of the methods as 
noted in the final subdivisions of that table. 

The easy apprehension of the solutions will be greatly pro- 
moted by observing that the same letter remains attached to 
the same point in all its translated and revolved positions, and 
that the required perspective of the point is indicated by the 
same letter, capital. 

The perspective of a straight line, by 

I.— A. 
III.— I-l. 

lv.-l^ 

has already been found in Prob. V. 
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Pboblem XVI. n 

To construct the perspecftme of a st/raigkt Une^ "by 

I — B-b. 
III.— 1-1. 

IV .— 5^ - 

Let db—a'h\ PI. II., Fig. 13, be the given Kne, E,E' the 
point of sight, and PQP' the position of the perspective plane, 
separate from, and perpendicular to the two planes of projec- i 

tion, whose ground line is QQ'. 

Also observe, that here, and in every case of the use of three — 

planes, the eye, at E,E', is supposed to be looking perpendicu- 
larly towards the perspective plane PQP'. 

Now, aE— a'E' is the visual ray from the point a a' in the 
horizontal plane, and JE—JTE' is the ray from the point J, V in 1." 

space. The former ray pierces the perspective plane in a'\a'^\ 
the two projections of the perspective of a^a\ In translating 
the perspective plane, parallel to itself, to the second position, 
P^'QT''', the point a' V proceeds in the line a' V'-c^'' V, 
parallel to the ground line, to the position a"^'(f. Thence, in 
revolving P'^QT''' to the left, about its vertical trace, QT'^', as 
an axis, the latter point revolves in the horizontal arc, a""n— " 

a^A, to A, the required perspective of aa'. 

Likewise the visual ray, JE— 5'E^, pierces the perspective 

plane at V'V'\ which, after translation and revolution, as before 

appears at B, the perspective of W. Therefore AB is the re- 
quired perspective of ah—a'V. 

The perspective plane must here be revolved only to the left, 

for W is the left hand point of the given line to the observer 
at E, as he looks in the direction, Q'Q, and this revolution 
brings B at the observer's left, as he looks perpendicularly at 
the plane of the paper. v 

The projection of EE', on the revolved position of P''QT'", ^ 

can easily be found. It will evidently be on a horizontal line 
through E' and at a distance to the left of QT"' equal to Ec?. 

Remark, — The above very detailed explanation is here 
given to be thoroughly learned, so as to render an abridged 
statement intelligible in future applications of the same 
method. 
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Example.— Let EE' be to the left of PQP', and ab—a'V on 
the right of PQP^ 

Pboblem XVII. 

To find the perspective of a straight line^ ly 

I.— B-c. 
ML— I-l. 
IV. -5°. 

The solution can be sufficiently understood from PI. IL, Fig. 
14. Prob. VII. represents the case of 

I —A. 
ML— II-1-1«^. 

iv.-r. 



Pboblem XVIII. 

To fimd the perspecti/oe of a straight line by 

I -A. 
1 1 1 -II~l-2(?. 
IV.-2^ 

Here, PI. II., Fig. 15, aib is the horizontal projection of the 
given line, and GL the original ground line of the vertical 
or perspective plane, two planes only being used. Translating 
this plane backwards to G'L', and revolving it into the plane 
of the paper, the vertical projection of the given line appears 
at a^h\ the centre of the picture (11) at 0, and the horizon, 
through C, parallel to G'L', at CD. 

The horizontal projection of the eye not being given, D may 
be assumed anywhere on CD, for the vanishing point of diag- 
onals (51) C is the vanishing point of perpendiculars. Then 
an—mn is the diagonal from the point aa' in the horizontal 
plane. It pierces the perspective plane in w, which is trans- 
lated along nn^ to n\ and n^D is the perspective of this diag- 
onal. a/m—'Tti is the perpendicular from a,m. It pierces the 
perspective plane at w, which is translated at a'^ and a'Q is the 
perspective of a/m. Hence A, the intersection of the perspec- 
tives of the diagonal and the perpendicular through aa\ is the 

perspective of aa\ 

3 
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Again, remembering that diagonals and perpendiculars (50) 
are always horizontal, T)o—Vo\ which pierces the perspective 
plane at o'^ is the diagonal fi'om W, Therefore o'Y> is its per- 
spective. Likewise hd—h\ the perpendicular from W pierces 
the same plane at h\ and VG is its perspective, intersecting o'T> 
at B, the perspective of W. Hence AB is the required per- 
spective of ah^aV. 

Rernarlcs: — a. It is now evidently unnecessary to draw cmh 
and ld» Also, knowing the height of hh\ we have only to 
make o'g equal to that height to find o\ and the vertical pro- 
jection of the given line is unnecessary ; and the like is true 
for any number of points of known height, so that sixteen lines 
will give AB, by this problem. 

J. Only one perpendicular can be drawn through a given 
point, but two diagonals can be so drawn. 



Problem XTX. 

To find the perspective of a stradght line h/ 

L— A. 
Ill — II-l-2i. 
IV— 3^ 

Here, PI. II., Fig. 16, instead of translating the perspective 
plane, the horizontal plane is revolved 180°, and the real posi- 
tion of ah is, accordingly, as far behind the ground line as its 
revolved position is now in front of it. 

Let CD be the horizon, and C and D respectively the van- 
ishing points of perpendiculars and diagonals. The method of 
solution from Table HI. is the same as in the last problem. 
Thus, Dn is the perspective of the diagonal cm—a'n^ and a'G 
that of the perpendicular aa'—a\ hence A is the perspective 
of aa'. Likewise o'T> is the perspective of the diagonal ho—Vo\ 
and 5'C, that of the perpendicular, hd--V ; hence B is the per- 
spective of 5J', and AB of ab—a'V* 

Remarks. — a. In this method, observe, that the vanishing 
point of a given revolved diagonal, as a/i, is the opposite to the 
one which would be taken for a diagonal in the same direction 
behind the ground line. To find unmistakably the vanishing 
point of a given diagonal by the present method, construct the 
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horiisontal projection of the point of sight, which, on the re- 
volved horizontal plane, will be on a perpendicular, through 
to the ground line oL, and at a distance behind it equal to CD. 
Then by (Prob. IX.) we could find the vanishing point of a 
given diagonal, as cm—aWj by finding the trace (6) on the per- 
spective plane of a visual ray parallel to it. 

J. The method of this construction requires fewer lines than 
any other. Thus there are but fifteen lines of all kinds in Fig. 
16, while in Fig. 13 there are twenty-one, and in some as many 
as thirty. But there may often be some points to which any 
given method will not apply advantageously. We therefore 
proceed with the following methods: 



Problem XX. 

To find the j>erspectwe of a straight Une by 

I.— A. 
\\l—lI^l^Sd. 

IV.— l^ 

This method, PL IL, Fig. 17, consists in using auxiliary 
lines, whose parallel projections make some angle with the 
ground line which is aflbrded by one of the triangles. 

Thus, let oth—a'V be the given line, EE' the point of sight, 
and GL the ground line, in their real position, and let EE'^ and 
G'L' be the two latter after translation forward. The trans- 
lated position of a' is a" ; then let cm^a'^n^^ be an auxiliary, 
through aa", whose projections each make an angle of 30° with 
the ground line. Its trace (6) is W\ and by (36-37) and draw- 
ing the parallel visual ray EA;— E''30, 30 is its vanishing point, 
hence 7i''30 is its perspective. Again, do—a^^o'' is a second 
auxiliary, whose projections make an angle of 60*^ with the 
ground line. Its trace is o^', its vanishing point at 60, the trace 
of the parallel visual ray Ew— E"60, and o'^QO is its perspective. 
Hence A, the intersection n''30 and o"60 is by (35) the per- 
spective of a,a',a". 

Observing that V^ is the translated position of J', the student 
may trace out the similar construction of B, the perspective of 
WV\ remembering also that auxiliary lines through this point, 
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parallel to those through, aoia^' will have the «ame yaniBhing 
pouxts as the latter. 



Pboblem XXL 

To jiflnd iha perspectme of a st/r<dgM 

I.— A. 
111.-11-1-4^. 

IV -I"- 

A vertical line, used here as an auxiliary, has no trace on the 
perspective plane, and (33) no vanishing point. Hence the 
perspective of some point in it must be found by some other 
method than that of Theor. III. Otis point will sufHce, how- 
ever, since the direction (17) of the perspective is known. 
Therefore in PI. II., Fig. 18, we shall first find the perspective 
of J', the foot of a vertical line through W. Using the method 
of diagonals and perpendiculars, with D and E', the centre of 
the picture, for their respective vanishing points, we find B' 
for the perspective of J, and B'— B for that of the vertical line 
h—Vq through IV. For the second auxiliary through W 
take a diagonal Jp, whidi by (Prob. IX.) has p'^ for its trace, 
j?'^' being equal to Vq. Then j?''D is the perspective of hp 
and B of W. 

To applythis method to aa\ the perspective of some other 
point of a vertical line through it must be found, as of «, J'; 
the vertical projection, d\ being translated tou^'', making a^^d'^j=z 
a'df. But oaf being in the horizontal plane, it is so easy to find 
its perspective directly that we have done so by two method& 
First. By diagonals and perpendiculars, whose perspectives 
7i.'D and a^'W intersect at A, the perspective of aa'. Second. 
By 80^ and 60° horizorvtal auxiliary lines a'k'^a"'k! and «L-^ 
a"\J^ whose vanishing points, found as shown by (Prob. VI.), 
are the points 30 and 60 respectively. Hence ^30 and L'60 
are the perspectives of ok and aL, and they intersect at A the 
same perspective of aa^ as before. 

Rema/rk. — The method of finding B is of frequent use in 
finding the perspectives of points nearly level with the eye, and 
when the aiuriliary vertical line happens also to be a Une of the 
given object itself. 
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Fboblem XXIL 

To find ike persjpectvoe of a strmgJU line ly 

I.— A. 
ML— II-2-l«^. 
IV— 1". 

This is the method by vertical visual planes, which is con- 
venient, since it occasions but few lines ; and less' apparently 
artificial than the method of diagonals and perpendiculars, 
since it employs both projections of the point of sight. 

Let ab—a'V^ PI. II., Fig. 19, be the given line ; GL, the first, 
and Qc^U the second position of the perspective plane, and 
E,E'' the projections of the point of sight^ after translation of 
the perspective plane. Then aE is the horizontal, and PP' the 
vertical trace of a vertical visual plane through aa\ The 
vertical trace, PP', therefore contains the perspective of (ia\ 
which wiU be, definitely, at the intersection of the perspective 
of any auxiliary line, through o^Vwith PP'.^ The present 
method requires the given line itself ta be the auxiliary; Ac* 
cordingly we find its trace (6) I', observing that V ift the trand* 
lated position of h\ Also by (32) we find its vanishing point 
V, and thus have its perspective I'V, which intersects PP' at 
A, the perspective of A. 

The same line YI' meets NN', the vertical trace of a vertical 
visual plane through W, and whose horizontal trace is &E, at B, 
the perspective of W, Then AB is the required peropeetive 
of W. 

From (53) we see why the auxiliary visual planes are never 
taken perpendicular to the vertical plane. 

Pboblbm xxin. 

To fimd ihe perspectvoe of a straight line ly 

L— A. 
III.— 11-2-26^. • 
IV.— 3^ 

Here again, PI. II., Fig. 2iO, the horizontal plane is revolved, 
and the perspective plane not translate. Let ab-^&fV be the 
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given line, EE' the point of sight, its horizontal projection, E, 
being behind the ground line after revolving the horizontal 
plane. DE' is the horizon, and E'D=^E by (51) D being the 
vanishing point of diagonals. Then, a^e being the gronnd 
line, aE is the revolved horizontal trace, and NA the vertical 
trace of a vertical visual plane through (w!. Also, a/n—a'n is 
the diagonal through (m\ whose perspective, nD, is determined 
as usual by its trace, ti, and vanishing point D. Now n\y in- 
tersects NA at A, the perspective of (xa'. 
The construction of B is now evident from inspection. 



Peoblem XXTY. 

To jmd the perapecti/ve of a strcdght Une ly 

I -—A. 
III.— II-8. 
IV— 1^ 

This method, PI. II., Fig. 21, is of less value for practical 
convenience than to exemplify the general principle that the 
intersection of the traces, on the perspective plane, of a/ny two 
visual planes through a point is the perspective of that point. 

Let ah^a^V be the given line, GL the first, and G'L^ the 
translated position of the ground line, EE^' the point of sight, 
and a"J'' the vertical projection of the given line after this 
translation. Then a visual plane through W^ will be deter- 
mined by am/ Une^ lyp—V'p'^ through W\ and a visual ray 
through amy pomb^pp'\ of that line; etc. 



Peoblem XXV. 

To find the perspective of a straight line in the horizontal 

plane ly 
I.— C. 
IjL— 11-1-1^2^, 5^A. 
IV.— 6°. 

The method of Table I., here exhibited, being somewhat pe- 
culiar, it is more fully illustrated than the previous methods. 
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being employed in connection with various methods from Table 
III. in this and the next two problen^s. 

Lty PI. III., Fig. 22, is the original, and LT the translated 
position of the ground line. DV is the horizon, and E' the 
vertical projection of the point of sight. Now the plane of 
the horizon may be taken as the horizontal plane of projection, 
far aU the lines drawn through the eye in determining all the 
necessary vanishing points. K this plane be revolved about 
the horizon as an axis, into the perspective plane, both planes 
may then be revolved in the usual way about the ground line, 
and into the plane of the paper, taken as the principal hori- 
zontal plane of projection. 

The horizon plane may be revolved either way about DV, 
but it is preferable to revolve it downwards, so as to make the 
visual rays in it, to the vanishing points of given lines, appear 
parallel to those lines. 

The point of sight itsdf will then appear at E, at a perpen- 
dicular distance, EE', from DV, equal to the real distance of 
the eye from the perspective plane. 

We have next to recall two principles : Fi/rst^ the projec- 
tions of the same line, or of any parallel lines, upon one or 
more parallel planes, will be parallel ; Second^ when a line is in 
a plane, it coincides with its projection on that plane. 

Accordingly, now, EV, parallel to aJ, a given line in the 
horizontal plane, determines V as the vanishing point (32) of 
ah. Also, making E'D=E'E, we have D as a vanishing point 
of diagonals. 

Now to apply the three methods referred to in the enun- 
ciation : 

First. T translated from t is the trace of ah on the perspec- 
tive plane, and V is its vanishing point. Hence TV is its in- 
definite perspective. The given object in this instance being 
but a single line, the other metjbods must be introduced to find 
the perspectives of its limits, a and J. Hence, 

Second. Draw the perpendicular /«{?, which pierces the per- 
spective plane at o^ a point translated at O. Hence OE' is the 
perspective of this perpendicular. The diagonal a/n finds its 
trace at n^ which travels to N, and NO is its perspective. There- 
fore A is the perspective of a. Thus A is found, if TV be not 
drawn. Otherwise, the perpendicular, or the diagonal, alone, 
will suffice. 
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Third. With ^ as a centre, and radius ^, draw the arc Tm^ or 
merely make tu^=ib^ and draw the chord hu. Then htu will be 
an isosceles triangle, in which ht=:ut. But YD is parallel to 
tu, and VE to U, hence making VE''=VE, the chord of EE" 
will be parallel to hu^ which will make E" the vanishing point 
of hu and of all parallels to it. Hence translate u^ the trace 
of hi^ to U, and UE'' will be the perspective of huj and will 
intersect TV at B, the perspective of h. 

Remarks, — a. Having gone thus far with these elementary 
methods, some abbreviations may be noted which can be made 
more or less fully in the previous figures, but which, if attempted 
too soon in practice, tend to confusion and error in the con- 
structions. Produce ha to ^5 and draw ao. Then make on^=oa^ 
and make tu=^^ then T0=^/ TN=^, and TU=^t^/ also 
E'D=EE', and VE''=VE. Then the actual drawing of an, 
of the chord or arc, hu, and of YE, and the arc ED or EE" 
may be dispensed with. The student may reconstruct the 
figure thus abridged, and may usefully seek all possible abridg- 
ments in the previous figures. 

ft. The method hy clwrds, just explained, does not require 
the peculiar arrangement of planes just shown. It may be 
applied to the previous figures, in which two planes are used, 
simply by representing both projections of the point of sight. 



Problem XXVI. 

To find the perypeotwee of vaHou9 horizontal and vertical 

Unes, as i/n the last jprohlem, that is, hy 

I -0. 
IV.— 6^ 

In PI. III., Fig. 23, are given ah, the horizontal projection 
of a Une in the principal horizontal plane, and of a line ver- 
tically over it, at the height TT' above it ; also c and f the 
horizontal traces of vertical lines, whose heights are equal 
to TT. 

First. When ah is in the horizontal plane, A, the perspective 
of a, is the intersection of the perspective TV of tb, with ND 
the perspective of the diagonal a/n. Also E'', as well as D, 
being found as in the previous figure, B, the intersection of 



lar is anj: line peipendicnlar to the per^otiTe plana. A diag- 
onal is any horieontal line, making an angle of 45^ with tb9 
perspective plane. 

51. By (33) the va/nishmg point of aU perpe/ndicula/rn is E', 
the vertical projection of the point of sight, or the centre of 
the picture. Likewise, the vanishing pomt of dioffonaU' must 
always be on the horizon (33) at a distance from E' equal to 
the real distance of the point of sight from the perspective 
plane, shown by the distance of its horizontal proje<^ion, E, 
from the original, or real, position of the ground line. 

62. The method of diagonals and perpendiculars may now 
be stated thus : Having any point whose perspective is to be 
found, pass a perpendicular, and a diagonal, through it, and 
find their perspectives. The intersection of these perspectives' 
will be the perspective of the given point 

But the perspective of either a diagonal, or a perpendicular^ 
is found by the method of Prob, VI., by joining its trace with 
its vanishing point. 

Finally, as diagonals and perpendicnlavs are all horizontal, 
they will, if passed through a point in the horizontal plane^ 
pierce the perspective plane in the ground line ; and if passed 
through any other point, they will pierce the same plane as far 
above or below the ground line, as the point i& above or below 
the horizontal plane. 

53. The perspective of a straight line has already been de- 
fined (16) as the trace, on the perspective plane, of the visual 
plane containing the line. Accordingly, it is sometimes con- 
venient to use msuai pUmes as auxiliaries in constroetion, a& 
well as auxiliary linea of any kind, ^ow, but one i^iatxaJ plane 
can be passed through a line, not oontaining the point of sight,- 
and this plane will be determined by that line, together with a 
visual ray through any point of it. But any number of differ- 
ently placed visual planes can be passed through a point/ 
hence, if we find the perspective of successive points on a line, 
by means of visual planes, we can give these planes any de- 
sired position. A vertical one is generally most convenient. 
Indeed, as the trace on the perspective plane is the one which 
contains the perspective of the given point through which the 
visual plane is passed, no new method is really afforded by 
placing visual planes perpendicular to the perspective plane; 
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HE'', the perspective of the chord Aw, with TV, is the perspec- 
tive of J. 

8ec(md. When is aJ at the height TT. Draw T'K' the ver- 
tical trace of the horizontal plane containing the line, and all 
the horizontal auxiliaries used with it. Then T'K' will con- 
tain the traces, on the perspective plane, of all these lines. 
Thus, T'Y is the indefinite perspective of the upper line ah; 
N'D, of the upper diagonal a/i, and A-, of the point over «, at 
the height TT'* But A' is also the intersection of the vertical 
line AA' with T-V, or with the perspective of a perpendicular, 
diagonal, chord, or any line through the supposed point over a. 

Likewise B' will be the intersection of the perspectives of 
a/ny two lines through the point i, whose height equals TT'. 
In the figure it is shown as the intersection of T'V with the 
vertical line BB', or with D'E", the perspective of the chord 
hi in the'plane T'R'. 

Third. Passing to f^ its perspective is found at F by a diag- 
onal /»• and perpendicular y*,^, whose perspectives are ED and 
KE'. Then F' is found at the intersection of E'D, the per- 
spective of the upper diagonal rf^ with the vertical line FF', 
perspective of the given vertical line at f. Finally the verti- 
cals at j^ and g being of equal height, and equidistant from the 
perspective plane, C and C may be found by drawing lines, as 
F'C, parallel to the ground line, and noting their intersections 
with AB and A'B. Also, C may be found at the intersection 
of Q'E", the perspective of a chord cq in the plane T'R', with 
A'B', and then C can be found by drawing the vMliical line C'C. 

Eema/rk, — ^If, in finding F, the diagonal f» had been used, it 
would have been necessary to have found its vanishing point, 
which would have been at the right of E' at a distance equal 
to E'D. 

Pkoblbm XXVII. 

To Jmd the perspictwe of any straight Une h/ 

l.-C. 

iii._n-i-5<A. 

IV.— 6°. 

Here, PI. HE., Fig. 24, we return to the general case of an 
oblique line, db—AO, resting on the horizontal plane at one 
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end, a,A. Let oL be the first, and AL' the second position of 
the ground line, DV the horizon or ground line of the second 
horizontal plane, E,E' the point of sight in this plane, D the 
vanishing point of diagonals, and E'' of horizontal chords. 
Also let OF be the vertical trace of a horizontal plane, contain- 
ing the upper point of aib and the foot of the parallel line 
fg—Yg' ; and let ^Tc be the vertical trace of a horizontal 
plane containing gg'. Then EV— -E'V is the visual ray paral- 
lel to <zj— AO, and piercing the perspective plane in V, which 
is therefore the vanishing point of a5— AO, and of all parallels 
to it. Now A is the translated trace a, of aJ, and F, likewise, 
the trace oi fg—Yg^ hence AV^ and FV ere, respectively, the 
indefinite perspectives of cib—AO sxAfg—F^. All horizontal 
auxiliaries through the point JO have their vertical traces in 
OF, and all like lines, through gg'^ have theire in kg'. Hence 
ND is the perspective of the diagonal Jn— ON, and UE^' is 
that of the chord hu—OU. Either of these lines limits AV at 
B, the perspective of J,0. Again, ^Y' is the perspective of 
the perpendicular through ^/, and it meets FV at G, the per- 
spective of gg\ 

65. The remaining methods, from Olivieb, and illustrative 
of perspective as an abstract problem of descriptive geometry, 
may be better apprehended as such, after familiarity with the 
preceding, in which the natural facts of vision are more ob- 
viously recognized. They are also, in part, arranged to illus- 
trate the three leading divisions of Table III. 

66. The perspective of Sipomt has been defined, in reference 
to natural facts, as the* intersection of a visual ra/y^ith. the 
perspective plane. That of a straight Une, as the trace of a 
visual plcme upon the perspective plane. But as an abstract 
problem, the original point or line is a given one, the point of 
sight is also a given one, and the perspective plane is given. 
Hence the abstract problem of the perspective of a point is 
this : To Jmd where a Ime^ joining two gi/ven pomts^ pierces a 
gi/ven plane. And of the perspective of a line it is this : 
To jimd where a plcme^ containing a gi/ven point amd a given 
line, intersects a given plane ; that is, the perspective plane, 
which is separately shown. 
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Pboblem xxvin. 



To find the perapectvve of a pomt hy 

I.— B-a. 
III.— I-l. 
IV. 



AA', PL III., Fig. 29, the original point, and jop^ the point 
of sight, are the two given points, and PQ the given (perspec- 
tive) plane, QL being the ground line of the vertical plane. 
Ap—A!p\ the line joining the given points, pierces the per- 
spective plane at doi. Then a', the vertical projection of the 
perspective of AA', after revolving the vertical plane backward 
into the plane of the paper, is the perspective point practically 
required. Or, if the perspective plane PQ be revolved directly 
back, a^ will appear at a distance above a equal to a^h. 



Pboblem XXIX. 

To fimd Ihs perspective of a pamt hy 

I.— B-a. 
III.-II-8. 
IV.-4^ 

Let AA', PI. in.. Kg. 27, the original point in the hori- 
zontal plane, and pp'^ the point of sight, be the two given 
points, and Bj' the given (perspective) plane. AB and AO are 
the horizontal traces of any two planes, each containing the 
point AA'. These traces intersect the perspective plane at B 
and 0, whose vertical projections are B' and Q' in the ground 
line. As these planes are also to pass through pp\ they will 
be fully determined by the lines j^j'—jp'j^' and^— ;pV, through 
pp' and parallel to the horizontal traces AB and AC ; and the 
intersections,^' and gg'^ of tliese lines with the perspective 
plane, will be other points of the intersections of the auxiliary 
planes with the perspective plane. Hence '&q' and C'/ are 
the vertical projections of these intersections, and their inter- 
section, a, is the (vertical projection of the) perspective of AA', 
since two planes through AA' and^' must intersect in a line 
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joining these points, and this line mijst pierce the perspective 
plane in the intersection of the traces of the two planes on that 
plane. 

Observe that, as the perspective plane. By, is parallel to the 
vertical plane of projection, the vertical projection of the per- 
spective, by this method, is equal to the perspective itself in 
the plane By. 

Pboblebi XXX. 
To find the jperspeatmes of amy pa/raJM Imes fyy 

I.— B : a. 

III.-II-l-l^. 

IV. 



Let LL', LjL/, and L,L/, PL III., Fig. 25, be three parallel 
lines oblique to both planes of projection; and let pp be the 
given point (of sight). The perspective plane is PQ, and GT 
is the ground line of the vertical plane of projection. The 
perspective of each line is determined by an auxiliary plane, 
passed through it and the point pp\ and each of such planes is 
determined by the given line in it, and by a parallel,^— ^W 
through pp\ The construction will now be evident from 
Theor. I. and Theor. III. 



Peoblem XXXL 
To fimd tJhe perspedme of apcmt hy 

I.— B : a. 
III.— n— 8. 
IV. 



Let A A^, PI. m.. Fig. 28, the original point in space, and 
pp' the given point (of sight) be the given points ; and BP the 
given (perspective) plane. AB— A'B' and AC— A'C are a 
pair of diagonals through A A'. Also AD— A' is a perpendic- 
ular through AA'. Planes, through any two of tliese lines and 
the point J5?, will intersect the plane BP in lines whose intersec- 
tion with each other will, by the last problem, be the perspective 
of A A^ The rest of the solution may be understood by inspection. 
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Pboblem XXXII. 

To jmd the perspectives of pa/raUeU to the grov/nd Ime hy 

l.-D. 
Ill -HI. 

IV.-1°. 

Let LL'— L,L/-;L,L/, PI. III., Fig. 26, be the given paral- 
lels, GT the ground line, POR an auxiliary vertical plane, and 
PQ the given (perspective) plane, and let pp^p" be the three 
projections of the given point (of sight). *" 

We evidently have m^m\m/' as the three projections of the 
perspective of L,L',L'', of which mf only is practically consid- 
ered, it being the same as the perspective itself. 

The ground of the title "method of co-ordinates" now ap- 
pears in that instead of points of concourse, L, for instance, is 
co-ordinated at L'' by L'^ and L"A, and at L-— L', by Op and 
Oh ; and in that its perspective, likewise, is co-ordinated at r/i'', 
hj pm/' and em/\ and at m-^m/^ by OP and On. 

Peoblem xxxin. 

To Jmd the perspectwe of a point hy 

K— D. 
Ill -HI. 

IV. 



^ 

The planes, PI. III.^ Fig. 29, being as in the last problem, 
let A,A'',A'' 9xAp^'^" be the given points, located as shown 
by co-ordinates from the three axes having O for the origin. 
PQ is the (perspective) given plane. Now a vertical plane 
through A, A',A" intersects the plane PQ in the vertical line 
a—ha^ and a plane parallel to the ground line through the 
same point intersects the same plane in the line aQ— a''— a'/i, 
parallel to the ground line. These lines, as appears at ha^ 
and na\ are co-ordinates and locate a^a\a" the perspective 
of A,A',A^^, when pp'p'' is the point of sight. 

67. The methods yet remaining to be exhibited, viz., those of 

Table I :-E. 

" 111=1.-3. 
" IV:-6^ 
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are mainly' of historical interest, and to qualify one to read and 
understand the earlier works on perspective. They can be 
summarily explained with suflScient fullness from Pi. XYI., 
Fig: 108, and the few following figures. 

68. In PI. XVI., Fig. 109, the modem names of most of the 
points and lines are written against them ; and those not now 
used have their names in quotation marks. 

The old names for these lines and points are generally as 
follows : 

Gih^^intersection line; and, generally, the vertical trace of 
any plane is called its intersection line. 

EM=«^^ of the visual ray M^. 

eSI^-direcb radial^ or direct visual ray. 

eV=radM of MN., or parallel visual ray to MK. 

WM! =^dvrect ray. 

M^=seat of M. 

IlIl=^A^ original jpla/nej whether perpendicular or oblique to 
the perspective plane HGL. 

S.GJj=the picture^ or plane of projection. 

tfDD'=the di^ectmg pla/ne. 

eHV'==the parallel of the original plane EE. 

KV'=the visual projection^ or simply the projection of MK. 

69. Next, comparing Figs. 108 and 109, PI. XVI., we see 
that the vertical planes HGL and eJ)D\ and the horizontal 
plane ^HV' are supposed to be hinged at their intersections, so 
as to turn forward all together without change of relative posi- 
tion among the lines on any one of them, till they all coincide 
with the horizontal or original plane RE. Then Jig. 109, 
which is lettered exactly to correspond with Fig. 108, is to be 
viewed in the direction of the arrow. M^, then, is a sort of 
irregular or abnormal, yet true representation of the actual ray, 
Me in space, Fig. 108, as will next be proved. 
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THEOREM V. 

The representative^ after revolving the perspective plane, of an 
actual ray through a given point, passes through the perspec- 
tive of that pointy and hence is an a/vaUdble Une of con- 
struction. 

In Kg. 108, observe the similar triangles, MQM'' and ME^, 
whose sides, M'^Q and eE, are parallel. Now, as the axes GL 
and DD^, about which the latter lines revolve in passing to the 
position shown in Fig. 109, are parallel, M^'Q and eE will 
remain parallel, and without change of length, as at QM" and 
E^, Fig. 109. Also the side ME remains fixed, hence, in Fig. 
109, also, MQM'' and WRe are similar triangles, so that M^ is 
BtiU a straight line through M^', though it represents, in a dis- 
torted manner, the ray itself, as distinct from its projections 
ME and M^^ Hence M^ is, as stated, available as a line of 
construction. 

Hemarh. — ^Eecalling from (42 : 6°) that the planes RR and 
eSY^ merely show a particular application of the principle that 
a^ plane, and the visual pla/ne through its varnishing line are 
parallel, every line of construction in Fig. 108 would have its 
corresponding line in the general case in which the parallel 
planes KR and ^HV should make any angle with the perspec- 
tive plane. But MM' and eE/ would no longer be projecting 
lines, GL would not be the ground line, but simply the vertical 
trace of RR ; nor would HV be the horizon, but simply the 
vanishing line of RR, and E', the vanishing point of MM', and 
separate from the vertical projection of the point of sight. 

70. We now see, by inspection of Figs. 108 and 109, that 
there are the following ways of constructing the perspective 
of a point M, equally applicable whether RR is a horizontal or 
an oblique plane. 

Fi/rst, M'' is the intersection of the visual ray, Me, with 
M'E', the trace of a visual plane through MM'. 

Second. M" is the intersection of M<5 with QM", the trace, 
on the perspective plane, of a visual plane through Ee, the per- 
pendicular from the eye to the directing line DC 

Third. M" is the intersection of M^ with KV or NV, the 
perspectives of any line MK (or MN) through M, in the plane 
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ER, this perspective being determined by the trace K (or N) 
and vanishing point V (or V) of the line MK (or MN). 

FowrtK W is the intersection of M'E' with QM", perpen- 
dicular to GL. 

Fifth. M'' is the intersection of MTE' with either KV or 
NV, found as in (Third). 

Sixth. W is the intersection of QM'' with either KV or NV. 

Seventh, W^ is the intersection of KY' with NV. 

Eighth. M" is the intersection of NV — found by making it 
parallel to eW and through N — with any of the preceding 
lines. This is called the method by directors. 

To favor a clearer understanding of these methods we will 
next give separate illustrations of a few of them^ first suppos- 
ing EH to be a horizontal plane. 

Pboblem X2XIV. 

To find the perspective of a strcdght line lying in a/ny horv- 

zontal plcme Jyy 
I.— E. 

ML— 1-8. 
^ IV.-6^ 

Using the same notation as in PL XVL, Fig. 109, let Mtw, 
Fig. 3, be the given line, GL the ground line, HE^ the horizon, 
E' the centre of the picture, and e the representation of the eye 
itself. Then Me represents the visual ray itself from M, and 
M'E', its vertical projection on the perspective plane, or which 
is the same thing (53) the perspective of the perpendicular 
MM'. Then by (70 First) W, the intersection of M<3 and 
M'E', is the perspective of M. In like manner, m" is the per- 
spective of m, and hence Wm is the perspective of Mw. 

Here we see the horizontal projection of the point of sight 
is not required. In the next problem it is. 

In some of the older works the ground line GL is omitted. 

Pboblem XXXV. 

Tojimd the perspective of a st/rwight line as in the lastprdtlem^ 

hut ly (70 Second). 

Let MttI', Fig. 4, be the given line, and let the other lines be 
as before, as shown by their letters. 
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Observe that if Mm be one side of a house, for example, 
represents the side towards the eye, that is the front, to an 
eye at e facing the front of the house. 

Here make EF, Fig. 4, equal to ^E', and E, on the direct- 
ing line DD', will be the horizontal projection of the eye, rep- 
resented by e. Then draw MQE, the horizontal projection of 
the ray M^, and QM'', perpendicular to the ground line GL^ 
will meet M(3 at M^', the perspective of M. 

The student can in like manner find the perspective of m. 

Next, to compare the methods in which M^ is used with 
those in which only the true projections of e are employed, let 
us immediately take the following case. 



Pkoblem XZXVI. 

To Jmd the perspective of a strcdght Ime as "before^ hut hy (70 
Fowrth) that isyhy a visual ray given orily hy its projections. 

Let Mm, Fig. 5, be the given line, the other given parts 
being understood from their letters, and FE being equal again to 
^E', to find the horizontal projection, E, of the point of sight. 

M' being the vertical projection of M, we have ME and 
M'E' as the two projections of the visual ray from M, and this 
ray, by the usual construction, pierces the perspective plane at 
M'', which is therefore the perspective of M. 

The perspective of m can be found without further expla- 
nation. 

To facilitate the comparison of methods, the ray itself, M^, is 
added, to show that it also passes through M''. 

Hitherto the given Kne, Mm, has been taken in the hori- 
zontal plane. Let it now be in a different plane. 

71. The earlier treatises being made before descriptive geom- 
etry was known, explain nothing of the method of finding the 
traces of a plane given, as planes commonly are, by three 
points or two lines in it, or by a lii^e in it, and the inclination 
of the plane to a plane of projection ; hence they assume the 
trace of a plane upon the perspective plane to be known, to- 
gether with its inclination to that plane. 
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At present, the construction of the traces of a plane, under 
the foregoing conditions, is a very simple and familiar operation. 
. We therefore proceed to illustrate the early methods, finally, 
by their use in finding the perspectives of two lines in planes 
which are given by their traces on the perspective plane, and 
their inclination to it. 




Fig. 5. 



Peoblem XXXYH. 



To jmd the jper^pecfme of lines m amy j^lcme ly 

I — E. 
III.— I.— 8. 
IV.— 6^ 

1°. — The perspedmea of the lines. 

Let AB, PI. XViL, Fig. 110, be the vertical trace of a plane, 
E the vertical projection of the point of sight, and EE" the 
horizon. 

Ee is the vertical trace of a vertical visual plane perpendio- 
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ular to the perspective plane. By revolving tlii» plane into the 
perspective plane, E will appear as at E^', by making EE'' equal 
to the known distance of the eye from the perspective plane. 
Then make EE'^O equal to the complement of the known 
inclination of the given plane, AB, to the perspective plane, 
and draw E^'C, and, through 0, draw MN, parallel to AB, for 
the vanishing line of the given plane. Likewise, by Prob. III., 
find PQ the vanishing line of a plane aJ, whose inclination to 
the perspective plane is ECE'. 

Now both of the given planes being supposed to be revolved 
to coincide with the perspective plane, AD and EG represent 
given lines — one in the plane AB, the other in db. Their 
intersections, at A and F, with the traces AB and oJ, are their 
intersections with the perspective plane, and, consequently, 
are points in their perspectives. 

Again : from ^, the representative of the eye, draw ^IN", par- 
allel to AD, and ^'H, parallel to EG— having made C'^'=C'E'. 
These are the visual rays, which, being parallel to the given 
lines, determine their vanishing points, which are at N and H, 
respectively, since they must be in the vanishing lines of the 
planes containing the given lines. Thus AN is the perspective 
of AD, and HE is that of EG. 

2°. — The perspecti/ve of the mtersecUon of the given plomes^ 
cmd thence the intersection itself. 

K, being the intersection of the vertical traces of the two 
planes, is the point where that intersection pierces the perspec- 
tive (or vertical) plane, and hence is one point of its perspective. 
But M, the intersection of the vanishing lines of the two planes, 
is the vanishing point of their line of intersection, hence MK 
is the perspective of that intersection. 

AgaiQ : the visual ray from the vanishing point of a line, is 
parallel to the line. Hence M^ is thus parallel to its original, 
which is KL, the intersection of the two given planes repre- 
sented on the plane AB. A line through K, parallel to M^', 
would be the representation of the same intersection on the 
plane ah / both AB and ah being still understood to be revolved 
about their traces, AB and dh^ into the perspective plane. 

A line through K, and parallel to ME, would evidently be 
the vertical projection of T^L upon the perspective plane. 
This will be more evident by constructing a figure similar to 
Eig. 112, but in which the plane TJAB should ascend from the 
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eye, «, so that PDE should slant downwards toward the 
right. 

Finally : notice, in this figure, that MK and AN intersect on 
EE'', also that MK and FH intersect on EE', the relative hor- 
izon of the plane ah. This indicates that AD pierces the 
horizontal visual plane, EE", in the intersection of the two 
given planes, AB and ah ; and that FG likewise pierces the 
visual plane EE' (parallel to the plane ah) in the intersection 
KL (whose perspective is KM) of the two given planes. But 
to show that this is wholly accidental, let Ad be a new line in 
the plane AB. The parallel ray m gives its vanishing point n, 
and TiA, the perspective of At?, does not intersect MK on the 
horizon. 
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CHAPTER III 

Perspectives of Forms only. 

72. The preceding full exhibition of the various general 
methods of finding contours and perspectives, is, at the same 
time, quite dhstrcbct^ an isolated straight line, or a point, having 
been taken for illustration, for the sake of hremty and exclusive 
attention to ikiQ prvricvple of each construction. 
• Therefore, to avoid confusion among so many methods, we 
will, before introducing a new body of examples, proceed with 
a review and application of the preceding problems in others 
of a practical character ; in which, however, for the sake of 
simplicity, the shadows will be omitted. And we will begin 
this chapter with a practical comparison of the early and pres- 
ent methods of solution of problems, involving lines and planes 
situated in any manner in space. 



Pboblem XXXVIII. 

Havmg gi/ven the vertical trace of a plams^ its intersection with 
a second plane, and the angle hetween the two pUmes, to Jmd 
the vertical trace of the second pUme, its varnishing line, and 
the perspectme of the intersection, 

1°. — The vanishing line of the gi/ven plane, and the resolved 
position of the intersection of the planes. 

Let the perspective plane, taken as the vertical plane, PI. 
XVII., Fig. Ill, be the plane of the paper. Let AB be the 
vertical trace of the given plane, E''E' the horizon, containing 
E', the centre of the picture, and let E'OE'' be the inclination 
of the plane AB to the perspective plane. Then make E'E'' 
equal to the distance, supposed to be known, of the eye from 
the perspective plane, and make E'E'^O equal to the comple- 
ment of the inclination just described, and CV, drawn through 
and parallel to AB, will.be the vanishing line of the plane AB. 



PEBSPEGrnVES OF VOSM. 55 

PL XVII., Fig. 112, illustrates this problem pictorially, and 
is hence lettered to correspond with Fig. 111. ABE'F^ is the 
perspective plane, ABEI the given plane, receding downwards 
from the eye at e, and CV is its vanishing Kne. 

Next let the intei'section of the plane AB, with the second 
plane mentioned, be given by its vertical projection P'N. We 
will first find its position, after revolving the plane AB to coin- 
cide with the perspective plane. DQ, parallel to E"C, is the 
revolved position of the intersection of the part of the plane 
AB behind the perspective plane, with a plane perpendicular 
to the trace AB on the line PE^ Hence, drawing P'Q parallel 
to AB, we have DQ for the true length of P'D. Then, mak- 
ing DP=DQ we have PN itself, the same as PN in Fig. 112, 
only after revolution about AB into the plane of the paper, 
that is, the perspective plane. 

2°. — 2%e vertioal trace of the second plams. 

Now let HET, both figures, be the angle, revolved about 
KT into the paper, in Fig. Ill, between the two planes, R 
being anywhere on PN, and RT being perpendicular to PN. 
It is then evident that a line HT, in space parallel to PN, is 
a line in the second plane, and, therefore, that it determines T, 
in the perspective plane, as a point of the vertical trace of this 
plane. 

To use HY, in Fig. Ill, conceive a plane through H, paral- 
lel to the plane AB, and at a perpendicular distance from it 
equal to HT. Then make DT'=T'T, and T'H' perpendicular 
to DQ and equal to TH, and H'O, parallel to DQ, will be the 
intersection of the parallel plane with the perpendicular plane 
PE'. Hence OY, parallel to AB, is the trace of the parallel 
plane, and GH''=OH' is the true distance of H from this 
trace; GH'^ being drawn through T, perpendicular to AB, 
since the plane HGTT^', Fig. 112, is perpendicular to the line 
AB, that is, to both the perspective plane and the plane ABU. 
Hence draw H^'Y parallel to PN, and YN will be the required 
vertical trace of the second plane. 

Otherwise : Pass a plane, EKg', through R, parallel to PDE', 
and in counter revolving R to its true position in space, its 
vertical projection will be R', whose perpendicular distance 
from the perspective plane is RV, found by drawing Kr*, paral- 
lel to DQ, since the parallel planes PDE' and RKy cut parallel 
lines from the same plane, AB, and by then drawing RV par- 



66 LINEAJB PERSPEOnVE. 

allel to AB. Then make rh=TK, as before, and hg, parallel 
to H^Q, will meet 'KKg at g^ a point of the trace O Y ; after 
finding which, we proceed as before. 

3°. — The va/nisMng Ime of the second jplcme. Two methods 
are here given for finding this line. 

First Method, Make Ce=zCW and e represents the eye, as 
explained on PI. XVI., Fig. 108. Then eY, parallel to PN, 
gives V as the vanishing point of the intersection PN, since, 
as this line is in the plane AB, its vanishing point must be in 
the vanishing line CV of that plane. Then by (43) VL, paral- 
lel to NY, is the vanishing line of the second plane. 

Second Method. At any point, P', of the vertical projection 
of the intersection of the planes, conceive two planes, each 
perpendicular to the trace of one of the given planes. The 
perpendicular, from P' to the perspective plane (similar to RE', 
Fig. 112, for the point E', Fig. Ill), is common to these two 
planes, which contain the angles made by the given planes with 
the planes of projection. Hence make P'Q'=P'Q and make 
P'S perpendicular to YN, and Q'SP' will be the angle made 
by the second plane with the vertical plane. Hence, finally, 
make E'M perpendicular to NY, aud E'E'''=E'E'' and make 
E'''ME'=Q'SP', and M will be a point of the vanishing line of 
the second plane, through which ML is drawn parallel to NY. 

Thus E'^'M is paraHel to Q'S^ the angle E'^'ME' is in front 
of the perspective plane, and Q'SP' is behind it, to the eye at^. 

Finally, V being the vanishing point of the intersection PN, 
and N being its intersection with the perspective plane, NV is 
its perspective. 

V could have been found, evidently, by drawing ET, the 
vertical projection of a visual ray, parallel to NP', the vertical 
projection of the given intersection. 



Peoblem XXXIX. 

To constmct the required jpa/rfs of the last problem^ hy the 
method of two fixed planes of projection, 

1°. — The traces of the second pUme, 

Let Qm, PI. XVII., Fig. 113, be the ground line, and let 
SM and DN' be the traces of any oblique plane parallel to it, 
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and inclined dovmwards and forward, contrary to Figs. Ill 
and 112, merely to avoid the confusion of constructions in the 
second angle. 

Let SN— S'N' be the given intersection of the plane SM— DN', 
with the second plane, which is determined by this intersec- 
tion, and the given angle, =», which it makes with the first 
plane. 

S is one point of the horizontal trace of the second plane, 
and W is a point of its vertical trace. Now revolve the pro- 
jecting plane, SNN', about its horizontal trace SN, and into 
the horizontal plane, and 1W=NN' ; and N''S is the revolved 
position of the intersection of the two planes. Then make any 
point, K, the revolved vertex of the given angle, », between 
these planes, and draw KH perpendicular to N"S, to give H, a 
point in the horizontal trace of the plane of this angle, since 
the latter plane is perpendicular to the line of intersection of 
the given planes. Then KM, perpendicular to SN, is the hori- 
zontal trace of the plane of the angle, and by making HK'=HK 
and drawing K'M, we get K^M for one side of the angle a?, 
when revolved about HM into the horizontal plane. Then 
make MK'0=a?, and O, the intersection of K'O with HM, is 
a point in the required horizontal trace of the second given 
plane. Hence SOU is that trace, and RN' is its vertical trace. 

If the plane, SM— DN', had been given by its vertical trace, 
and inclination to the vertical — ^which is the perspective — 
plane, as in the last problem, the given inclination would have 
been first shown, as at QDP''. Then by a counter-revolution 
of that triangle, Q would return to P, a point in the trace SM. 

Also let only the vertical projection S'N' of the intersection 
of the given planes, be the given one. Then p\ one point of 
this intersection, would appear, after revolution, in DQ at q\ 
by drawing ^'g'' parallel to the ground line. In counter revo- 
lution, q^£ returns toj?',j?, and N and^ would determine NS. 
before finding SM. 

2°. — To Gongtruct the vanishmg lines^ etc. 

E and E^ being the projections of the eye, make E,E'' the 
position of the eye, after revolution about the trace P'C of the 
vertical visual plane PP'O. Then draw E^'O, to make E''CE'= 
QDP', and 0, being the trace of a visual ray parallel to the 
given plane, SM— DN', the line CV, parallel to the horizon 
E'm will be the vanishing line of SM— DN'. 
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Now, the visual ray, whose horizontal projection is E^, being 
parallel to the intersection SN— S'N', is a line of the parallel 
visual plane whose trace is CY, hence it pierces the perspective 
plane in CV at Y, the vanishing point of the intersection of 
the given plane, and hence a point in the vanishing line Ym' 
(parallel to the trace N'R) of the second plane. 

Otherwise, Em—E'm' is the visual ray parallel to the hori- 
zontal trace, SE., of the second plane, and it meets the perspec- 
tive plane in the horizon at m'^ a point of m'Y, parallel to 
KN'. Ym' is thus determined, ^her by the two points Y and 
wl^ or by either of them together with the direction of Ym', 
parallel to EN'. 

Finally, the perspective, N'Y, of the intersection SN— S'N', 
joins its trace, N', with its vanishing point Y, which is evi- 
dently the intersection of the vanishing lines of the two given 
planes. 

Rema/rk. — ^In comparing this problem with the last, the 
perplexing nature of the metihtod of one plane of projection 
there used will prevent surprise at the following grave error in 
a standard work in which the methods of PI. XYI., Fig. 109, 
and PI. XYH., Fig. Ill, prevaQ. It says, make DO=DP= 
DQ draw a line through O, perpendicular to NP', and equal 
to HT, and through its extremity, a line parallel to P^N, to 
meet O Y at Y ; a construction which would wrongly locate Y, 
and for which no reason could be given. 



THEOEEM VI. 

If amy two curves^ or a stra/ight Une <md a otirve^ a/re ta/ng&nt 
to each other ^ their perspecti/oes wiU ie tam^ent. 

Fvrst For the visual cones, from the given curves, having a 
common vertex, will be tangent to each other along an element ; 
hence the curved intersections of these cones with any plane 
will be tangent ; but these intersections are the perspectives of 
the given curves ; hence the proposition is proved. 

Second, If one of the given curves be replaced by a tangent 
straight line, its visual cone would become a plane, and its per- 
spective, a straight line tangent to the intersection of the 
perspective plane with the remaining cone. That is, if a 
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straight li/ne he ta/ngent to a curve^ ihei/r persp&oti/oes wiU he 
tangent. Thus, l6t ATB, PL VII., Fig. 63, be any curve, and 
TD a tangent to it at T, and let E be the point of sight. The 
visual rays from the curve collectively form a cone, and those 
from the tangent, a tangent plane along the element E T. Then 
any plane, PQ taken as a perspective plane, will cut a line 
td from the tangent plane, tangent to the curve atb cut from 
the cone. The line td is the perspective of TD, as a^ is of 
ATB, and their point of contact, tj is on TE, and is therefore 
the perspective of T. 

Third. The last demonstration shows also that the perspeo 
times of the haeea of cones and cyWnders^ a/re tangent to the 
perspecti/oes of their extreme visible elements. For the visual 
planes, through these elements, are tangent to the visual cones 
from the bases, hence their traces, which are the perspectives 
of those elements, will be tangent to the traces of the cones, 
which are the perspectives of those bases. 



Pboblesi XL. 
To find the perspectwe of a vertical cylinder. 

1°. — Description of parts and perspective of the lower hose. 

Let the cylinder, PI. IV., Fig. 30, stand on the horizontal 
plane, and be tangent to the perspective plane, with AEH for 
its horizontal projection, and let NQ, the first position of the 
ground line, be translated backwards to nq. By using diag- 
onals and perpendiculars, as is here done, or am,y horizontal 
lines of construction, the necessity for a vertical projection will 
be avoided, and the vertical trace, n'g' merely, of the plane of the 
upper base will be sufficient. 

Let DC be the horizon, D and D' the vanishing points of 
diagonals, and the centre of the picture. 

The perspective of the cylinder will now consist of the per- 
spectives of its two bases, and of its extreme visible elements. 
The element, K—aa\ of contact with the perspective plane, 
will appear in its real size. 

To find a point in the lower base, the point W for example. 
The perpendicular, l^d — d"^ through this point, has J for its 
original and d for its translated trace on the perspective plane, 
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and 18 its vanishing point ; therefore dO is its perspective. 
"WP—dp is the diagonal from E, its trace P is translated to pj 
and^D' is its perspective. Therefore Wy its intersection with 
dCj is the perspective of W. In like manner we find the per- 
spective of any other points of this base, taking eight equidis- 
tant points, usually in practice, as seen in the figure, and which 
are conamonly sufficient. 

2°. — PaHicula/r jpoints of the lower base. 

Drawing the perpendicular, OA, and diagonal, OJ, from the 
centre of the base, o, the intersection of their perspectives, is 
the perspective of the centre O. Having found a, the perspec- 
tive of A, and ^, that of G, the line ag will be the conjugate 
axis of the ellipse which is the perspective of the lower base. 
It results then, that «, the centre of the perspective^ differs from 
0, the perspectme of the centre O. To find the point of which 
8 is the perspective, proceed in an inverse order. Thus, D'^ 
is the perspective of the diagonal through the point sought, 
then translate r to K and draw a diagonal KS, and S will be 
the point whose perspective is 8, KL, parallel to the ground 
line and through S, is that chord whose perspective is kc^ the 
transverse axis of the perspective ellipse, and the elements stand- 
ing on K and L are the extreme visible elements of the convex 
surface. 

The last conclusion verifies what was known in advance, viz., 
that from any point of sight, at less than an infinite distance, 
less than half of the convex surface of a cylinder would be 
visible. Here, KAL is the horizontal projection of the visible 
segment, and this is further verified by observing that tangenta 
at K and L would properly meet at a distance before the ground 
line, NQ, equal to CD. 

3°. — Tcmgents to theperspecime of the hose. 

The tracing of other curves than circles is greatly aided by 
knowing, beforehand, several tangents to them. We will 
therefore point out the tangents to the base aeh^ which can be 
readily found according to (Th. VI.). 

The perspectives, nG and dG^ of the perpendiculars EN" and 
WJ; the perspectives, as qD' of the tangent diagonals at 
H,B,F and T ; the ground line, and the perspective of the 
parallel to it at G, are eight tangents to (leh. 

The perspective of the parallel at G is parallel to the ground 
line, through g. Thus having ten points, eight of which are 
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points of contact with known tangents, and four of which are 
extremities of the axes, we can sketch the elliptical perspective 
of the base very accurately. 

4°. — To Jmd (my jpomt m the perspectwe of the upper hose. 

Take the point whose horizontal projection is F, for example. 
The vertical projection and the trace of the perpendicular, FTJ, 
through this point is u' ; and 'w'C, is its perspective ; remem- 
bering that u'q' is the vertical trace of the plane of the upper ' 
base. Likewise u'dJ is the vertical projection of the diagonal 
FJ, and dTD is its perspective, giving at jT, its intersection with 
-w'C, the perspective of F, in the upper base. 

In the same manner, all the points of the perspective of the 
upper base can be found, also the perspective of the centre, 
and the centre of the perspective of this base can be found, as 
for the lower base. Each tangent, as g'D' to the lower perspec- 
tive, has a corresponding one, as j'D' to the perspective of the 
upper base, and any point, as <, in the lower base, finds a corre- 
sponding upper point, ^, the intersection of an element as ttf^ 
with the diagonal, as dlL>\ or a perpendicular over those 
through t. 

After thus finding the perspectives of the bases, draw vertical 
common tangents to them, as at Tc and o, the extremities of a 
transverse axis, and the perspective of the cylinder will be 
complete. 

Rema/rk, — Observe that the diagonals OF and OH are those 
of a circumscribing square of the circle AEK, and that each 
contains two points, as B and H, from which perpendiculars 
are* also drawn ; also that of these perpendiculars, as Bt^, each 
contains two points as B and F, so that, by these lines, per- 
spective points can be rapidly found. But by using the tcmgent 
diagonals, as above, the perspective ellipses can be rather more 
accurately sketched. 



Problem XLI. 

To find the perspectwe of a circle contained in a plcme per- 

pendicula/r to the ground Ivne. 

1°. — TTie perspectives of points of the circle. 

This construction, PI. IV., Fig. 31, is of use in finding the 
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perspectives of round-topped windows in the side walls of 
buildings. Let FG— H'L^ be the given circle, Fp the original, 
and DE the translated ground line be also the horizon, making 
the eye to be in the horizontal plane, with E for its vertical 
projection, and D for the vanishing point of diagonals. Operat- 
ing, then, by the method of diagonals and perpendiculars, Ht* 
is the horizontal projection of the diagonals through the highest 
and lowest points of the given circle. HV^ and IJn' are their 
respective vertical projections, and n"J) and n'H their perspec- 
tives. In like manner HF^H^ and HF— L' are the perpen- 
diculars from the same highest and lowest points, and H'E and 
L'E are their perspectives, which intersect n"jy and n'D, re- 
spectively, at hi' and K\ the perspectives of the points H,H' 
and H,L'. In the same manner other points of the perspective 
are found. 

The circle being tangent to the perspective plane at FF', 
that point is its own perspective. W\IqT is the perspective of 
the circumscribing square, and therefore affords, as seen, four 
tangents to assist in sketching the ellipse. 

2°. — The perapecivoea of tcmgenta to the cvrcle. 

In the last problem, eight tangents to the perspective ellipse 
were readily found. To find^ then^ fov/r more temgents to the 
present perspective ellipse. For this purpose we need lines in 
the plane of the circle, and tangent to it at points analogous 
to B,F, etc., in Fig. 30. Then revolve the plane of the given 
circle about its vertical trace F— FH', and F^H^'L''' will be the 
revolved position of the circle, and F',H''',G'', and U\ the 
points whose tangents have already, as at H'E, been put in per- 
spective. A diameter WG'\ bisecting F^H'', and the chords 
WA!' and B''C, parallel to the ground line, determine the 
required original points. The tangents at these points are 
analogous, in the plane of the circle, to diagonals, and hence 
may be called co-diagonals. Their vanishing points X and T 
are therefore found by making EX=ET=ED. Furthermore, 
they intersect the perspective plane, in the trace of the plane 
of the circle, at K,M,P, and N (the latter not shown). Hence 
their perspectives, which are tangent by (Theor. YI.) to that 
of the circle, are respectively KX, MY, PX, and NY. 

73. It is evident, on inspection, that the axis of the perspec- 
tive ellipse is not vertical. It can only be so, when the eye is 
in a horizontal plane through the centre of the circle; this 
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relation being analogous, for a circle perpendicular to the 
ground line, to that of the horizontal circle and point of sight 
as seen in Fig. 30. 

74. Two radii of concentric circles will include parallel 
chords, which, being parallel, will have a common vanisliing 
point. Recollection of this principle will assist in finding the 
perspectives of such circles. Moreover, it will be obvious on 
making the construction, that the perspectwea of the eoneentHo 
ei/rcles wiU not he concentric ellipses. For that segment of the 
longer radius, which is between the two circles, and nearest to 
the eye, will appear larger than the opposite and more remote 
similar segment, ending at a point as G, PI. IV., Fig. 30. 

Example 1. — ^ind the perypecfme of a cylinder whose axis 
is parallel to the ground line. 

Ex. 2. — Do. when the ojxis of the cyUnder is pa/raUeL to the 
horizordal plane only. 

Ex. 3. — Do. of a drde lying in a pla/ne oblique to "both 
pla/nes of projection. 



Pboblebi XLII. 
To find the perspective of am, inverted cone. 

Let Y'WT, PL IV., Fig. 32, be the vertical projection of 
the cfone, and let the horizontal plane be revolved 180®, giving 
the circle, with radius VT, for the horizontal projection of the 
ppper base, the circle VS for that of the intersection of the 
cone with the horizontal plane, that is, its trace, and V for that 
of its vertex ; all these horizontal projections being as far, be- 
fore revolution, behind the ground line as now in front of it. 
Let the method of diagonals and perpendiculars be again re- 
sorted to ; but, for further variation from the last problem, let 
the horizon be taken at DE', above the upper base, and E', the 
centre of the picture, to one side of a plane through the axis, 
and perpendicular to the ground line. 

1°. The perspectwes of the hoses. 

These are found as in the last problem, only, as the eye is not 
in a plane perpendicular to the ground line through the centre 
of either base, the axes of these perspectives cannot be so read- 
ily constructed as in the former case. The peculiarities of this 
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caBe will be further discussed in a future problem. Find, there- 
fore, the perspective of any convenient number of points of 
each base, as in the last problem, and join them. Thus, to find 
the perspectives of S and F, in the cone's trace, draw the per- 
pendiculars, SS', and FB', whose perspectives are S'E', and 
B'E', and draw the diagonal FS/?, whose perspective is pD. 
These perspective lines intersect at 8 and/*, which are the per- 
spectives of S and F. Passing to the points A and T, for 
example, in the npper base, the vertical projections and traces 
of the perpendicnlars, AB' and Tu, are respectively, n^ and u\ 
and their perspectives are ti'E' and 'w'E'. The vertical projec- 
tion of the diagonal, whose horizontal projection is ATm, is 
n^m\ and m'D is its perspective. Dm^ intersects ti'E' and 'w'E' 
at a and t, the perspectives of A and T. 

As in the last problem, eight tangents to the perspective of 
each base can be found by using the tangent perpendiculars 
and diagonals, and the parallels to the ground line, tangent as 
at F and 0. Observe that as the perspectives of the latter 
lines are the parallel tangents at g and/*, the line ^ is a diam- 
eter of the ellipse csf. The like is true of Ja,,at the extremi- 
ties of which, tangents parallel to LL would be the perspectives 
of tangents at A and B. 

2°. The perspective of the vertex. 

The vertex is taken below the horizontal plane, to give an 
opportunity of applying a perspective construction to a point 
in the third angle. In full, YB' is the horizontal, and Y' the 
vertical projection of the perpendicular through the vertex 
YY'. Then Y^ is its trace, and Y'E' its perspective. Also, 
Yr is the horizontal, and YY the vertical, projection of the 
diagonal through the vertex, and r^D is its perspective, inter- 
secting Y'E' at Vj the desired perspective of the vertex. 

3°. The perspecti/ves of the extreme visible elements of the 
cone. 

These will simply be tangents, from v^ to the perspectives 
of the bases, as shown in the figure. 

The perspectives just described, can also be found by direct 
construction from their projections, as follows : Make (?E, per- 
pendicular to the ground line through E', equal to DE', and E 
VTill be tlie revolved horizontal projection of the point of sight. 
A visual plane, tangent to the cone, will therefore contain the 
visual ray EY— E'Y^ through the cone's vertex ; and its trace 
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on any horizontal plane will contain the intersection of this 
line with that plane. Thus, EV— E'Y^ meets the plane, H'm', 
of the upper base at K'K, and, accordingly, KN and KM are 
the traces, on that plane, of two tangent visual planes. Then 
MY— M'V' and NV— N'V — ^not drawn— are the elements of 
apparent contour of the cone, and if we find the perspectives 
of MM' and NN' (N' is near T', and not lettered) they will be 
the upper ends, denoted by M'' and t, of the perspectives of 
these elements. 



Problem XLIII. 
To Jmd the perypecime of a tower. 

Let the method of two planes^ with the perspective plane 
translated ybr^^?fl^r^, be adopted. The perspectives of the points 
of the tower, PI. IV., Fig. 33, will be found by various methods 
from Table III. In the figure above the ground line LL, the 
outer square is the plan of the base of the tower; the circle, 
that of its upper and cylindrical member ; the dotted square, 
that of the base of its middle portion ; and the octagon, that 
of the octagonal middle portion. These last parts are merged 
in xm.Q by the triangular uniting surfaces, as fdg^ more clearly 
indicated in the perspective at FGD. 

All the points of the figure being easily treated in sets, con- 
tained in successive horizontal planes, the vertical traces of 
these planes, showing the heights of the points in them, are all 
that is needed as an equivalent for a complete vertical projec- 
tion of the tower. The plane, A'B', of the top of the base is 
taken as that of the horizon. EE'', the point of sight, is taken- 
in a plane perpendicular to the ground line and through the 
centre of the plan. D', near v^ in Fig. 32, is the vanishing 
point of diagonals, E^'D' being equal to the distance of E from 
LL. Or draw ED to D, on LL produced, and project D at D'. 
Likewise find V, the vanishing point of all parallels to ok. 

The rest of the construction is left for the student to make. 
Some points of it are found by diagonals and perpendiculars ; 
some, by lines of the object, combined with either diagonals 
or perpendiculars ; and some by vertical visual planes^ and either' 
one of these auxiliary lines. 

5 
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Example 1. — JFmd the perspectme of a cone^ with a vertical 
axis^ cmd standing on the horizontal j>Ume ^ a/ndvnth the eye in 
the perpendicuLar through its vertex, 

Ex. 2. — Find the perspective of a cone whose aods is parallel 
to the ground Ivne^ hy the method of twoplam^es. 

Ex. 3. — Do. hy three pUmes, 

Ex. 4. — Fimd the perspective of the tower hy the meihod of 
three pUmes, 



Problem XLIV. 

To f/nd the perspectvve of a cuibe, whose edges are oblique to 

both pla/nes of projection. 

This problem, taken, with some alterations in the given con- 
ditions, and the methods of construction, from Leeoy, may serve 
as a final example at present of the use of vanishing lines of 
planes and vanishing points of lines. 

1°* To construct the given conditions. 

Let the cube, PI. XY., Fig. 105, be given by the horizontal 
trace, and angle of declivity, of the plane containing one of its 
faces, and by the position of that face in its plane. 

Let PQ be the horizontal trace of the plane of the upper 
face of the cube, and let O^TJ''=a be its angle of declivity, 
contained in a plane, EP, perpendicular to the trace PQ. Then 
PC'' is the trace of the plane PQ upon the plane PK, taken as 
an auxiliary vertical plane of projection, and revolved about its 
horizontal trace PR, till it coincides with the horizontal plane. 
PC is thus also the auxiliary projection of the top face of the 
cube. 

Now conceive the plane PQ to be revolved about the trace 
PQ into the horizontal plane, and then let A, in this trace, be 
one comer of the cube, and Kb and Kd two adjacent edges of 
the face contained in the plane PQ. The points J and d are 
projected at V^ and d"^ and return in arcs, JB— J^'B^', and 
dJy—d"T>'\ perpendicular to PQ, to their primitive positions 
B,B'' and D,D''. Then BC, paraUel to AD, and DO, parallel 
to AB, will complete the horizontal projection of the top of 
the cube. 

One of the remaining edges will be sufficient. Then draw 
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B"F"=AB, since the lateral edges, being perpendicular to the 
plane PQ, are parallel to the plane PE, and hence are projected 
npon it in their full size. Also, for the same reason, BF, the 
horizontal projection of the lateral edge through B, is parallel 
to the auxiliary ground line RP. 

2*^. To find ihe vo/mshmg Imes a/ndpomts of the &ube. 

Now let EE' be the point of sight, at the distance Q'j below 
the horizontal plane, as KQ is the first, and SQ' the translated 
position of the ground line of the perspective plane. This 
being settled, we next find the vanishing lines of the three 
planes containing the faces whose common point is A. Thus, 
E/*, parallel to BP, is the trace of a vertical visual plane con- 
taining the angle of declivity of the given plane PQ. Then 
revolve this plane about its vertical trace yj, and E,E' will ap- 
pear at E'',E"'. Then make the angle JE'''E'=0'TJ'VaJid 
E'"J will be the revolved position of a visual ray parallel to 
the declivity of the plane PQ. Hence this ray pierces the per- 
spective plane at J, where it intersects the trace f3 of the ver- 
tical visual plane containing it ; and J is, therefore, one point 
of the vanishing line of the plane, PQ, of the top of the cube. 
But (Theor. IV.) this line is parallel to the vertical trace of that 
plane, which trace must therefwe next be found. 

The principal vertical trace of EP, is EP', perpendicular to 
the principal ground line, EQ, and when this plane is revolved 
90° into the horizontal plane, its vertical trace, EP', takes the 
position EP", perpendicular to EP, and it intersects the sim- 
ilarly revolved auxiliary vertical trace O'T at P'', the revolved 
position of the intersection of C'T with the principal vertical 
plane. Now, as C'T^' is the intersection of the given plane 
PQ and the perpendicular plane EP, the point P'' is a revolved 
point of the vertical trace of PQ. Hence make EP'=EP" 
and P'Q, in the lower part of the vertical plane, is the vertical 
trace of the plane, PQ, of the top of the cube ; and, finally, 
e^3c\ parallel to P'Q, and through J, is the vanishing line of 
this same plane PQP'. 

The vanishing points of all lines in the plane PQP', will be 
in the vanishing line, e^c\ of that plane. Thus, E^ is the hori- 
zontal projection of the visual ray, parallel to the edge AB of 
the cube, and which pierces the perspective plane in eW, and 
also in the vertical line ee\ that is at ^. Likewise, the visual 
ray, E^?, parallel to AD, pierces the perspective plane at c'. 
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Therefore e' is the vanishing point of all parallels to the edge AB, 
and e' is that of all parallels to AD. But as these lines are 
edges of the cube, e' and cf are points in the vanishing lines of 
the lateral faces bounded by these edges, and the visual ray, E/*, 
being parallel to BF, and hence perpendicular to PQ, pierces 
the perspective plane in the vertical line f5. This ray is, in 
space, perpendicular to the plane PQP', hence ^/''f perpen- 
dicular to E'^^J, is its position, after revolution, as in case of 
E'^'J, about the vertical axis/3". Hence, it pierces the perspec- 
tive plane at f^ which is, therefore, the vanishing point of BF 
and of all parallels to it. It is consequently also a point in the 
vanishing lines of the planes containing lateral faces bounded 
by the edges AB and AD. Hence e'f and df are these van- 
ishing lines. 

3°. The perspectvoe of the v^er hose of the cvbe. 

The forgoing preliminaries now permit the immediate con- 
struction of the required perspective, as follows : The edge, 
B A, pierces the perspective plane in the trace P'Q, at g\ whose 
translated position is g'\ giving g^'e' as the indefinite perspec- 
tive of AB. But the visual ray, AaE, pierces the perspective 
plane in g^^e\ and in the vertical trace, aA.\ of its projecting 
plane upon the horizontal plane ; that is, at A', which is there- 
fore the perspective of A. Then AV, A!c\ and Ay^, are, at 
once, the indefinite perspectives of the three edges which meet 
at A. To limit them, let us first draw the face diagonal, AC, 
and the parallel visual ray E^. As this ray is in the plane PQ, 
its vanishing point, K, will be in e'o\ the vanishing line of that 
plane, and at its intersection with ^K, the projecting line of the 
point Jc. Hence A'K is the indefinite perspective of AC, and 
it is limited at C, where the visual ray EC pierces the perspec- 
tive plane at A,C', giving C as the perspective of C. Then 
e'G' will Umit AV at D'; and cG' will limit AV at B', which 
completes the perspective of the upper base. 

4°. To complete the perspectvoe of the cube. 

EL, parallel to AF, is the horizontal trace of a vertical visual 
plane parallel to the diagonal, AF, of a lateral face of the cube. 
Hence the vanishing point of this diagonal is L', the intersection 
of LL', perpendicular to the ground line, and the vanishing 
line, e'f\ of the face ABF. Likewise M' is the vanishing point 
of the diagonal, through A, in the left hand front face of the 
cube. Therefore, A'L' limits By* at F', the perspective of 
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F'F' ; likewise, «'F Kmits A/' at G' ; either G'K, or F V, or 
DX', limits Q'f at I', and either A'M' (not shown), or i?T, 
limits D/' at H^ 

Thus, error at each point is checked by having several con- 
structions for the same point. Indeed, the initial point A' is 
verified by being on the line QT, the perspective of the hori- 
zontal trace PQ, which pierces the perspective plane at Q, 
whose translated position is Q', and whose vanishing point is at 
Y (where the horizon intersects 6'c*\ 

Example. — Fmd the perspectwe of a regular* tet/raedron^ one 
of whose loses is m a jplxme jpa/raUd to the grovmd Ime Imt 
obliqtce to thepla/aes of jyrqjection / cmdfind the vomishing lines 
of itsfaceSy <md the vcmishing points of its edges. 
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CHAPTER IV. 

SPECIAL PRINCIPLES AND OPERATIONS. 

SECTION I. 
Special Theorems. 

THEOREM VII. 

t 

AU eqtcal UneSy m a plane pa/raUd to the j>e7'spe€twe plane^ 

ha/ve equal perypedmes. 

Let Q, PL v., Fig. 35, be a plane containing the given 
Knes A, B, and 0, having any position in that plane ; and let P 
be the perspective plane, parallel to Q. Connect the given 
lines in any convenient manner, as shown by the dotted lines 
in the plane Q. The base of a pyramid whose vertex is E, the 
eye, will thus be formed. 

Now the section of this pyramid, made by the parallel plane 
P, will be similar to the base, and as A, B, and C are equal, 
a^ iy and o will be equal also. But the latter are the perspec- 
tives of the former, which proves the theorem. 

Fig. 34 merely shows in projection the case where a'a^^ is 
the common vertical projection of the parallel lines a, J, and c, 
to which the perspective plane, PQP', is parallel. 

Hemark. — ^A, B, and C a/re equal but would not appear so, 
from E, being at unequal distances from it. The same is true 
of aj h, and e. Disregard of this very elementary principle is 
the occasion of the most amusing popular fallacies about per- 
spective. 

THEOREM Vni. 

The jperspectwee of a Ime, jpa/raUel to the jperspectwe plane, 
will he equal, wherever the eye is placed, i/n a pla/ne, pa/raUd 
to the perspective pla/ne. 

This theorem, which is the reciprocal of the preceding, where 
the eye was fixed, is sufficiently proved by reference to PI. VII., 
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Fig. 60, where AB is the line, E and E^ two diflFerent positions 
of the eye in a plane whose trace is EE', parallel to AB, and 
cih' is the position of the perspective plane, containing ah and 
a'V^ the perspectives of AB, seen from E and E' respectively^ 
as shown by the visual rays AE, etc. 

Now the triangles EAB and E'AB, having a common base 
and equal altitudes, are equal ; and ah' being parallel to EE', 
the altitudes of Eoi and E'^'J' are equal. Also, ahf being par- * 
allel to AB, EaJ is similar to EAB, and YJa'V to E'AB. 
Hence Y^ah and YJa'}>\ having equal altitudes, and being simiLr 
to equal triangles, are themselves equal, on equal bases ah and 
a'V. But these last lines are the perspectives of AB, hence the 
theorem is established. See, also, Fig. 61, where, likewise, ah 
and a'V are the equal perspectives of AB— A'B'. 



THEOREM IX 

The perapecUves of aU lines j m a vistcal pla/ne pa/raRd to the 
grov/nd Ime^ vMj themaet/oes^ hepanralld to the ground Une. 

An indefinite number of visual planes can be passed through 
a parallel to the ground line, drawn through the eye, eiach of 
which will intersect the perspective plane in a trace, parallel to 
the ground line. But, by the definition of perspective, this 
trace is the perspective of any, or all, lines in the visual plane, 
which proves the truth of the theorem. For illustration, see PI 
XI., Fig. 80, where ad—a'd' is a line parallel to the ground line 
GG'. Now Ea— E V is the visual ray from a point, aa'^ of this 
line, and it pierces the perspective plane at 1>\ the perspective 
of aa^^ and gives PQ parallel to GG', through J', for the per- 
spective of ad—a'd\ But join any point, as cc\ of a visual ray 
from any point, aa\ of the given line, with any point as dd' on 
that line. The line ed—c'd' will then not be parallel to the ground 
line, but, being in the same visual plane with ad—a'd'^ its per- 
spective, as appears by construction, is evidently the same par- 
allel, PQ, as before. 
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THEOREM X. 

If (my straight line intersects the perpendicvla/r visual ray^ its 
jperspecti/ve and its vertical jprqjeci/ion will coincide. 

The perspective of a straight line is the trace of the visual 
plane, passed through it, upon the perspective plane. In the 
present case, this visual plane is determined by the given line 
and the perpendicular visual ray which it intersects. As the 
latter is perpendicular to the perspective plane, the plane con- 
taining it must be so also. Hence it is merely the projecting 
plane of the given line, upon the perspective plane ; hence the 
perspective and the vertical projection of that line are identi- 
cal ; the perspective and vertical planes being also understood 
to coincide. 



THEOREM XI. 

If a system of lines meet m a/ny point of the plane^ through 
the eye^ parallel to the perspectiA)e plxme^ the perspectives of 
these lines vyill le parallel. 

Conceive of A, B, and 0, as three lines meeting at any point, 
M, in the given plane, P, parallel to the perspective plane, and 
let E be the point of sight, in this parallel plane. Then the 
visual plane of each of the given lines. A, B, and 0, will con- 
tain both M and E ; that is, EM is the common trace on the 
parallel plane, of the three visual planes. But the perspective 
plane, being parallel to the plane P, the traces, upon it, of 
these visual planes, which traces a/re the per^pectimes of the given 
lines^ are parallel to EM, and hence to each other, as stated. 

See also Fig. 12, p. 99, where ^E^^ is the common trace, on 
the plane AQ, of the visual planes through UE^' and YE'', 
which meet in the visual plane AQ, parallel to the perspective 
plane GLP ; and where pu^ and qy\ parallel to ^E'', are the 
parallel perspectives of UE'' and YE'', 
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THEOREM XII. 



Jf'rom the trace of a Ime^ on the perspecti/ve plome^ to its vo/rir 
ishing pomt^ is the perspecti/oe of an injmite extent of the 
Ime^from the perspedme plane^ amd forwa/rd from the eye. 

See Fig. 6, where AGL is the horizontal plane ; VGL, the 




Fig. 6. 



perspective plane ; E, the eye ; and PT, a line; in this case, in 
the horizontal plane. 
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Q is the trace of this line, and E V, being the visual ray, par- 
allel to it, V is its vanishing point (32). Hence QV is the per- 
spective of QY, extended to an infinite distance from Q, as stated. 

THEOREM XIII. 

The perspscti/ve of that portion of a strcdght li/ne^ intercepted 
between the per»ped/i/ve pla/ne and the pa/raUd visual plcme^ 
extends from its trace, to am, i/nfmte distance^ opposite to its 
va/nishing point 

In Fig. 6, again, let AEB be the visual plane, parallel to the 
perspective plane. Then PQ is the portion of the given Une, 
kYy between these planes. 

Now, take any point, as m, on this line, and between the two 
planes, and Em, the visual ray through it, evidently pierces the 
perspective plane in a point, M, on the opposite side of the 
trace, Q, from the vanishing point, V. Likewise, N is the per- 
spective of n ; and, finally, the visual ray, EP, being parallel 
to the perspective plane, would meet it only at an infinite dis- 
tance. Hence, as stated, the perspective of QP extends from 
Q to infinity in the direction QN. 

THEOREM XIY. 

The perspective of that portion of a st/ra^ght line, which is be- 
hind the visual pla/ne^ parallel to the perspecti/ve pla/ne, 
eoctends from its vanishing point to injmiiy, amd opposite to 
its trace. 

See Fig. 6, once more, where YTc is the portion mentioned, 
of Tife. 

The visual ray, EP, meets the perspective plane at an infinite 
distance, in the direction ET, as well as in the direction EP. 
Also, the visual ray EV, meets PQ at infinity backwards as 
well as forwards, or in the direction QY. Hence V is the per- 
spective of the point infinitely far behind the plane EAB, as 
well as of the point infinitely far in front of it. And, finally, 
taking any point, Ic, at pleasure, between P and — co, its perspec- 
tive, i, is evidently on the opposite side of V, from the trace Q. 

Hence, as stated, the perspective of P to— 09 is VK, ex. 
tended to infinity. 
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Reme/rk. — The above figure peculiarly well iUustrates the 
use of such exact, yet pictorial constructions, in demonstrating 




Fio. 6. 

those principles, which would be especially perplexing, as illus- 
trated by ordinary diagrams. 

Fig. 6, and aU similar figures, are oblique projections, of the 
kind called " cabinet projection " in my Elementary Projection 
Drawing ; and called, also, " military " or " mechanical " per- 
spective. 
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SECTION II. ^. 

Of perspective, and original Lines and Angles, and their 

Division. 

Problem XLV. 

Ha/oing the perspeclme of a horizontal st/raight Ime^ of Tcnovm 
height above the horizontal plams^ to find its trace; its van- 
ishing pointy its original, aTid the jperspecti/ve of a line, mah- 
i/ng am/y gi/ven a/ngle with it at a given jpoint. 

1°. Let A'B', PI. v., Fig. 36, be the given perspective, and 
eh, the height of its original. Then the trace of the latter is 
in the parallel, through h, to the ground line, and in B'A' pro- 
duced, hence, at TT, since GL is the original ground line. 

2°. Let d^Y be the horizon, then by producing A'B' to V, we 
find V for the vanishing point. 

3°. EE' being the point of sight, project V horizontally at v^ 
and 'wE (32) is a visual ray, parallel to the original of A'B'. 
Then a line from T, parallel to E'y, will be the indefinite orig- 
inal line. To find its limits, draw a perspective perpendicular, 
or diagonal, as the diagonal d^g\ and its original, ^A, which 
makes an angle of 45° with Tg, will meet TA at A, the orig- 
inal of the perspective point A'. Let the original of B' be 
found by a perpendicular. 

4°. Any other horizontal line through E, besides Ey, will be 
the visual ray which will determine the vanishing point of a 
line parallel to it, and intersecting AB, at an angle equal to the 
one thus having E for its vertex. Thus, first, if this is to be a 
right angle, draw Ep perpendicular to Et?, and project jp at P, 
the vanishing point of all perpendiculars to AB. Hence if C 
be the given point on A'B', the line PC will be the required 
perspective of a perpendicular to AB. Or, second, HfEv be 
the desired angle, F is the vanishing point of aU lines making 
that angle with AB, and FC is the perspective of a line through 
0' as required. Finally, any line, as VD, through V, is the 
perspective of a parallel to AB. 

Rema/rTc, — ^The method of dividing the perspective of an 
angle in parts whose originals shall be equal, is now obvious. 
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Pboblem XLVI. 

Saving the perspectwe of a perpendicular^ to find the perspec- 
tive of a point on it, afoot hehifid its trace; a second point, 
any number of feet hack of the first ; to divide its perspective 
into n paHs whose originals shaU he equal ; and tojmd the 
true length of those originals. 

1°. Let C, PI. v., Fig. 37, be the centre of the picture, and 
A'C the perspective of a perpendicular, whose original is ob- 
viously BA, when A' is given as its trace. Then let Ka = 1 
ft., and ah, being a diagonal, Kb, which = Ka, also = K!V, by 
projecting & at V, on AV, drawn parallel to the ground line 
Ac. Therefore if D is the vanishing point of diagonals, J'D 
will give a', as the perspective of a. 

2°. Observing that A'J=A5=Aa, make Vc' equal any num- 
ber n, as 8j feet, and the perspective diagonal c'Y> cuts off 
a'B', the perspective of a distance three feet back of a. 

3°. All parallels dividing aB wiU have a common vanishing 
point, and will include equal spaces from J, on Kb produced ; 
hence from any vanishing point, V, draw Ya' and VB', and 
produce them to Kc', at h and g ; divide hg equally, as at (2 and 
e, and dN and ^V will give the perspectives a'd', etc., on A'B', 
of equal parts of AB. 

4^. Observing again that A'5'=A«, draw perspective diag- 
onals from D, through d', etc., and they will give on A V equal 
spaces, equal to the originals of Ka^. 

Refma/rks. — a. As a single projection cannot determine a 
magndtude in space, neither cam, a smgle perspective. For a 
line, L, in the perspective plane, is the perspective of cmy line 
in a visual surface through L. But if we have two perspectives 
of the same object, and from two points of sight, the intersec- 
tion of the two visual surfaces, containing those perspectives, 
will be their fixed original. 

i. Distances in perspective, whose originals are equal, are 
briefly said to be perspectively equal. 

c. Observing that ah makes equal angles with AB and Kc, as 
an essential feature of the construction, it is evident that this 
problem will include the case of any line having a vanishing 
point in the horizon, by using the method of Prob. XXV., 



78' LINEAB PEBSPBCTTTE. 

where, instead of diagonals, chords of ares having the trace, as 
T, for a centre are the lines of construction. 



Peoblem XLVII. 

Having the j>erspecii/ve of an, dbUqvs Ime, m a gwen plane^ 
jparalld to the jper»pecf^e pkme : to find its foot ; its length; 
a given dista/nce on, it / a/nd to dimde it equally. 

Let A'B', PI. v., Fig. 40, be the line, OV the horizon, and 
AB'' the ground line. 

1°. Suppose the line to be one foot behind the perspective 
plane. Then OP is a perspective perpendicular, and, making 
PQ = one foot, and drawing the perspective diagonal QD, we 
find T, one point of the perspective of a line, parallel to. the 
ground line, and one foot from it, in the horizontal plane. T J 
being thus the horizontal trace of a plane, through A'B', and 
parallel to the perspective plane. A', its intersection with A'B', 
is the required foot of that line. 

2®. As before, any paralkl horizontals will intercept on the 
perspective plane the true length of A'B'. Hence draw CA 
through A', and AB, parallel to A'B', and limited by CB', and 
AB will be the true length of A'B'. Otherwise: Eevolve 
A'B' about its foot A', into the trace A!l and it will, being 
still in the perspective plane, preserve its length unchanged. 
Then, lines through A and S, from any point as V on the hori- 
zon, will be the perspectives of parallels, in the horizontal 
plane, and will therefore intercept on the ground line a dis- 
tance, A''B" equal to AB, the true length of A'B'. 

3®. To find the perspective of a point, one foot for example, 
from A^ Make Aa = one foot, and draw aG^ which gives 
A'«, the required perspective ; or, make A!'m = one foot, and 
draw W/V, giving A'/i, the revolved perspective of A.a=^A!'m ; 
then revolve A!n^ about A' as a centre into A'B', giving A!a^ 
as before. 

4°. To divide A'B' into parts perspectively equal, divide 
A'B' itself directly into equal parts, ance it is parallel to the 
perspective plane. It may Kkewise be divided into parts of 
any given relative size. 
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Problem XLVIII. 

Ha/omg gwen a pUme^ perpendicula/r to the grov/nd Ime, Jyy 
its perspective horizontal trace^ cmd vcmishvng line^ to con- 
st/ruct the perspecti/oe of a line i/n it^ mahmg a given cmgle 
with the horizontal pla/ne^ at a given point m the given trace. 

Let AC, PL v., Fig. 42, be the perspective horizontal trace 
of the given plane, which is supposed to be vertical. As C ia 
the centre of the picture, the plane is perpendicular to the 
ground line ; and BCV, perpendicular to that Hne, is its vanish- 
ing line. Now revolve the point of sight into the horizon, at 
C'^, since CO is supposed to be the true distance of the eye in 
front of C. The visual ray, which determines the vanishing 
point of the required line, is parallel to it, hence if CB be 
drawn, so afi to make the given angle with CO, it will be the 
revolved position of that ray, and will meet CB in B, the van- 
ishing point sought. Then, supposing A to be the given point 
of the horizontal trace AC, AB will be the perspective of the 
Kne required. 

Rema/rh. — ^A perpendicular to LL, at T, will be the original 
horizontal trace whose perspective is AC. 

Example. — Sol/oe this probXem with AC to the right of BY^ 
a/nd with B 'bdow the horizon. 

Problem XLIX. 

Savmg the perspective of a Une in a given pla/ne^ perpendicvr 
lar to the ground line / to find its t/raxies a/nd va/nishvng pomt j 
the perspedme of a gi/ven distance on it/ a/nd of a/ny pro- 
posed parts of it. 

Let a'}>\ PI. v., Fig. 42, be the given line, AC, the perspec- 
tive horizontal trace of a vertical plane through it, and BCV 
the vanishing line of that plane. Then — 

1°. A, the intersection of Va' and CA, is the perspective of 
the horizontal trace of the line, and T^, the intersection of the 
vertical trace of the plane with Va\ is its vertical trace. Draw 
T'Q' (not shown) parallel to BC, and meeting LL at Q^ Then, 
with T as a centre, revolve Q' to Q on TT produced, and Q will 
be the original horizontal trace of BA. Also B, the intersec- 
tion of a'V with CB, fe the vanishing point of a'V. 
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2°. To find the perspective of one foot, for example from «', 
conceive the line A5' to be revolved about A as a centre into the 
trace AC. All the revolving points of Ab' will thus describe 
arcs, the chords of which will be parallel. But CO, and CB, 
are the revolved positions of visual rays, respectively parallel 
to AC and AB ; hence BF is the revolved position of a parallel 
to one of the chords just described ; and C'V, parallel to BF, 
is the revolved position of a visual ray parallel to these chords. 
This ray evidently pierces the perspective plane at V, it being 
in the plane ACB, and V is therefore the vanishing point of 
these chords. Va' now represents the chord of the arc de- 
scribed by a\ and d is the perspective revolved position of this 
point. As AC is, in space, a perpendicular, diagonals will inter- 
cept equal spaces on it and on the ground line, hence draw the 
perspective diagonal Cjp, through d^ make^j' to represent one 
foot, draw the diagonal qQ'\ meeting AC in o, and draw Ycc\ 
giving «'<?' the perspective of one foot on «'J', measured from a\ 

3°. Let the portion aV be divided equally. The method of 
Prob. XL VI. might be applied to de^ the perspective revolved 
position of a^h\ and then the points on a'V could be found as 
just shown. But as lines and their horizontal projections are 
always divided proportionally, it is sufficient to find aJ, the 
perspective horizontal projection of a'h\ by drawing the verti- 
cals a^a and 5'J, and to apply to ah the construction of Prob. 
XL VI., and, finally, to erect verticals, at the points thus found 
on aJ, which will divide a'V as required. 



Problem L. 

Having aplane^ which is perpendicula/r only to the horiz(mtdl 
plane ^ to find the perspeotme of a line in it, and mahing a 
gi/oen angle with its horizontal trace, at a gi/ven point. 

Let AV, PI. v., Fig. 43, be the perspective of the given 
horizontal trace, CC being the point of sight. C-y— C'V is 
then the visual ray which determines the given vanishing point, 
V, and as the given plane is vertical, ^VB', perpendicular to 
the horizon, is its vanishing line. Now revolve CC about Wv 
to QG\ 8,nd draw G'B' making the angle B'G'V equal to the 
given angle, and G'BVill be the revolved position of the visual 






^^ 
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ray, parallel to the required line in the given plane. Hence 
B', in the vanishing line of that plane, is the vanishing point 
of the line ; and, if A be its given horizontal trace, AB' will 
be the required perspective of the line. 



Pboblem LI. 

Ha/omg gvcen the persfpectme of a Ivne^ m a given jplane; to 
jimd its traces (md vanishing jpoint^ a required perspecti/ve 
length upon it, and to divide it in any required manner. 

Let a^Vy PI. v.. Fig. 43, be the given line in the plane whose 
perspective horizontal trace is AV, and whose vanishing line is 
vYB\ 

1°. Produce a^V to A, on VA, which is its perspective hori- 
zontal trace. See also Prob. XLIX. T", on the vertical line 
T'T'^, is its vertical trace. Also B', the intersection of a'5', pro- 
duced, with VB', is its vanishing point. 

2°. As in the last problem, lines from points on AB', and 
parallel to the position of the chord B'F in space — ^the arc BF 
having G' for its centre — will be the chords of arcs described 
hy points of AB' in revolving about A as a centre, and into 
AV. The vanishing point, P (below the border), of these 
chords, is the intersection of the revolved visual ray G'P, par- 
allel to B'F, with B'V produced. Hence draw a'P, and a" 
will be the perspective revolved position of a\ Then apply on 
AV the method of Prob. XLVL, only remembering that, as 
AV is not a perpendicular, lines, parallel to GO, and not diag- 
onals, will intercept equal spaces on TB (parallel to Oy, and 
the original of AV), and on the ground line. G' is the vanish- 
ing point o£ parallels to CG, hence draw G'(i", produce it to p, 
make^ equal to the given distance, as one foot, and note the 
point 0, draw c(/ from P, for the perspective chord of the arc in 
which revolves back to c' / and t?' will be the perspective of a 
point one foot from a\ 

8°. To divide a^V in any desired manner, for example, 
equally. Here, as in previous cases, vertical parallels will 
divide a^i\ and its perspective horizontal projection, ah, simi- 
larly. Also chords, vanishing at P, will divide a^V, and its 
perspective revolved position, of which a" is one extremity, 

similarly. Likewise any horizontal parallels will divide db, or 

6 
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a'l/'^ and the portion of the ground line included between the 
parallels, proportionally. Hence from any point, M, on the hori- 
zon, draw Ma and M&, through to the ground line, at m and A, 
divide wh equally, a8 at n and /•, or in any desired manner, 
draw TiM and rM, giving d and ^, from which draw verticals 
dd! and ee\ which will divide a'V as required, at W and e'. 

Rema/rk, — Lines from G', through a'' and V\ would inter- 
cept, on the ground line, the true length of a'V. 



SECTION m. 
Of the Methods by Reduced Distances, and Transversals. 

PsOBLElf LII. 

To construct the perspective of a pointy ly redAiced distances ; 
in the case of a distant vamshing point. 

In the practical applications of perspective, it usually hap- 
pens, that the eye is taken, in order to produce the best picto- 
rial effect, so far from the perspective plane, that the vanishing 
points of diagonals and other oblique lines are very far from 
the centre of the picture. In these cases, one way of proceed- 
ing is as follows, ly reduced distances. 

Let A, PL v.. Fig. 41, be the vertical trace of a perpendicu- 
lar, whose perspective is AC, and suppose the perspective of a 
point, four feet from A, on AO, to be required. Draw AP, 
parallel to the horizon CD, and make AP equal to four feet. 
Then, D, being the vanishing point of diagonals, PD would 
cut off from A the perspective. Am, of four feet. But if 
D were inconveniently far from C, we could make @'(? = J CD 
and Ajp = J AP, and^^ would pass through the same required 
point m. 

Again : let BV be the perspective of amy horizontal line, not 
a perpendicular. Revolve the horizontal visual plane — ^taking 
the method of Prob. XXV. — about CD as an axis, into the 
perspective plane, when CC will be equal to CD. Then QSY 
will be the visual ray parallel to the original of BV, and re- 
volving C about V as a centre to C', 00'' will be the visual 
ray, parallel to the chords which would intercept equal dis- 
tances on the original of BV, and on the ground line ; or, in 
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general, on the horizontal line throngh the vertical trace of the 
original line. Hence C is the vanishing point of these chords, 
and QC is the perspective of one of them, intersecting BV at 
M, so that MB is the perspective of a distance equal to BQ. 
But, now, if BQ and YC are inconveniently great, make 
B^ = J BQ, aud Yc'' = ^ YO", and qo'' wUl pass through the 
same point M, on BY, that was before found. 



Pboblem Lin. 

To const/ruct the perspective of a given a/ngle^ ly the method of 
reduced dista/ncea / one side of the angle ieing given / w, to 
divide a given perspective angle. 

Let AB, PI. YL, Fig. 47, be the given perspective line, YH, 
the horizon, and CC, the reduced distance of the point of sight ; 
after revolving the horizontal visual plane into the plane of the 
paper, and making CO equal to half, or any simple part, of 
the real distance of the eye from the perspective plane. AC 
is the perspective of a perpendicular from A ; but the size of 
the perspective of a fixed line at a fixed distance varies directly 
as the distance of the perspective plane from the eye. Hence, 
if CO is, as here supposed, one-half of its full size, CD should 
be one-half of C^A, and DY, parallel to AB, will be the re- 
duced perspective of AB, and Y will be its vanishing point. 
Then YO will be the new visual ray, parallel to the original of 
AB. Hence, make YOm equal to the given angle, and draw 
mD, and AM, parallel to mD, will be the perspective of the 
other side of the required perspective angle BAM. 

If, now, the angle BAM were to be divided in any proposed 
manner, we should divide its original size, YCw, in the same 
manner, as by the line Oi-, for example ; then draw tiD, and 
its parallel, NA, will divide BAM perspectively, as required. 

The whole principle of the above construction is, that per- 
spectives of the same object on parallel perspective planes, are 
similar figures, being parallel sections of the same visual cone ; 
and that their size depends on the distance of the perspective 
plane from the eye. 
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Problem LIV. 

To find the perspectmea of horizontal Unes, nearly pwrdUd to 
the perspectvoe pkme^ ly red/uced diata/ncea^ ha/ving gi/ven one 
such perspective. 

Let tke required line pass through P, PI. YI., Fig. 48, and 
be parallel, in space, to AB, and let HH' be the horizon. 

Draw any two perspective lines AH and PH, and from a-ny 
point on either, as a, draw ap^ parallel to AP. Then draw 
aK\ parallel to AB, and join p with the reduced vanishing 
point, H'. Then PO, parallel to J?H', will be the perspective 
line required. The line joining h and q will be parallel to PA, 
if the construction be exact. In other words, ah and pq^ pro- 
duced, will be parallel to AB and PO, respectively, and will 
meet at the same point, H'. 

75. The demonstration of this construction is a beautiful 
example of the application of the principles of solid geometry 
to the properties of plane figures, considered as projections of 
certain solids. Thus V— APQ (V being the intersection of 
AB and PO, on the horizon HH') may be viewed as the projec- 
tion of a triangular pyramid, whose vertex is Q, and which is 
truncated, at l)qK\ by a plane parallel to its face APV. So 
that, if JH', qW^ and QH' all meet at one point H', the par- 
allel set of lines ABV, POV, and QV, must all have a com- 
mon point, V, also. 

Or, calling APQ and APH two plane sections, having a 
common edge AP in the face APV, the lines ap and hq^ being 
cut from these sections by the plane Whq^ parallel to that face, 
must both be parallel to AP, and hence to each other, as was 
stated. 

76. The construction, just made, can also be proved by plane 
geometry, thus : In the similar triangles H'QJ and VQA. 

H'Q: Q5::VQ:QA. 
Likewise, H'Q : Qy : : VQ : QP. 

/. QJ:QA::Q^:QP. 
Hence hq is parallel to AP. But ap is, by construction, par- 
allel to AP, hence ap and hq are parallel, when H' and V are, 
as constructed, each the point of concourse of three lines as 
sbowu^ 
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Problem LV. 

To Jmd the perspectives of horizontal Unes^ nearh/ paraUel to 
the jperspective planey hy mecms of transversals. 

Case 1°. — ^Ab before, PI. VI., Fig. 48, let AB be a given line, 
and P, a given point. Draw any transversal, PA, and, at a 
convenient distance, OB, parallel to it. Make FO a fourth 
proportional to AE, EP, and BF, and PO will evidently meet 
the horizon, HH', at the same point with AB, and will, there- 
fore, be perspectively parallel to it. 

Case 2°.— Let CD, PI. VI., Fig. 49, be the horizon, QG the 
given line, and P the given point, between QG and CD. 
Through P, draw any two tr^,nsversals, QPB and OP A. Draw 
QA and OB, and note their intersection E. Join E with any 
point, G, of the given line, and draw the diagonals OF and 
GB, in the quadrilateral, OGFB. Their intersection, H, will 
be a second point of the required line, through P, and parallel 
to QG, in space. To prove this, it is only necessary to consider 
that QABO and OBFG may be regarded as the perspectives of 
adjacent parallelograms, having the original of OB for a com- 
mon side, and each having a side in QG, and an opposite side 
in the visual plane through CD. The remaining sides would 
then be parallel, and E represents their vanishing point. Now 
the centres of these rectangles would be the intersections of 
their respective diagonals, and a line joining these centres would 
evidently be parallel to the continuous sides in QG. PH is 
such a line, and is therefore perspectively parallel to QQ. 

By reading ^A, etc., for the above corresponding large letters, 
we have the case where P is midway between CD and QG. 

Case 3°. — ^Let P, PI. VI., Fig. 50, be exterior to the horizon 
CD, and given line KS. Draw PA and PB, to any points A 
and B, on CD ; and the diagonals, AS and BR, of the quadri- 
lateral ABEG, meeting at e. Then draw TeM, meeting ES at 
E, and next MEN and MSH, limited by BEN and AEH ; and 
NPH will be the required perspective parallel to HS. 

The principle of this construction is nearly the same as in 
the last case, only the application is not quite so simple. As PM 
passes through the perspective centre, e, of the perspective par- 
allelqgram AESB, we have AEEM, and BSEM, equal paral- 
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lelograms in space ; and hence MN and BN, MH and AH, 
AE and BP, and ES and NBL are, in space, f(mT pairs of 
pa/raUdSj in the scmte jpla/ne^ hence they all have their vanish- 
ing points, N,P, etc., in the same line (42—4°). 

Case 4*^. — The mriplest construction of a line, perspectively 
parallel to a given perspective, is shown in PI. VI., Fig. 51, 
where AD is the horizon, and either of the other lines, as BJ, 
may be a given perspective, and C, accordingly, one point of 
the required perspective parallel. Join C with A and B, taken 
at pleasure, and draw AB. Then make ac^ anywhere, parallel 
to AC, and ah and ho parallel to AB and BC. Then C^?, B5, 
and AD will all concur at a common vanishing point. 

This construction is also explained by the principles of pro- 
jections, regarding Y— ABO as a pyramid, in which abc is a 
section, parallel to the base. 

In each of the last two problems, CD may be regarded as 
the vanishing line of any plane, to which the originals of the 
perspective line, as BJ and C(?, Fig. 51, are parallel, those lines 
having any position in space. 

Example. — Having gi/oeny ly their projections^ two pa/raUel 
lines J Mique to hoth planes of projection^ hut nea/rly paraUd 
to the perspecti/oe plane^ find^ f^^t^ the vanishing Une^ which 
win contain their vanishing points (42—4°), andj second , their 
perspectives, ly the last two problems y that is^ without finding 
their va/nishiim point 

SECTION IT. 

Of the Method by Scales ; and the Adjustment of the 

01\ject — ^the Eye, and the Picture. 

77. This Method, founded on the two preceding sections, and 
as perfected by Adhemab, is of too great practical value not to 
receive separate notice. Partial illustrations of it have been 
made in Section 11. of this Chapter, as will be evident on be- 
coming familiar with the principles and operations of the pres- 
ent section. But the origin and value of it will here be more 
clearly explained. 

In all diagrams, designed to illustrate the principles of per- 
spective, the point of sight is taken very near to the perspec- 
tive plane, in order to avoid having inconveniently distant 
vanishing points. Hence, when viewed in relation to their 
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pictorial effect, they are quite offensive to artistic sense, and so 
tend to repel artists and designers from the study of perspec 
tive, as a science, by leading them to think it useless for effect- 
ing true constructions of objects, seen at suitable distances for 
producing the best pictorial effect. 

78. It is, however, the object of the Method of Scales^ in 
connection with that of redicced distances^ and transversals^ 
given in the last section — 

1°. To avoid the use of any points of construction outside 
the limits of the picture. 

2°. To avoid, to the utmost, the need of making complete pro- 
jections of the object shown, by using 
known co-ordinate measurements, in 
place of projections ; and yet — 

3°. To secure a true, and an agree- 
able perspective, that is, one due to 
a suitable distance of the eye both 
from the object and from \hQ picture. 

79. Of these three things, viz., the 
eye^ the object^ and \hepici/urey or per- 
spective plane, any two may be fixed, 
and the other, variable in position, so 
that it is necessary in the applications 
of perspective to industrial practice, 
to take account of the real and appa- 
rent sizes of the perspective figures, 
separately considered, as well as of 
those of the original object. The fol- 
lowing combinations should there- 
fore be noted. 

THEOREM XT. 

The jperspectwe pla/ne^ and the ob- 
ject^ bemg fioaed; the perspectme 
wUl reaJh) be la/rger^ but will ap- 
pear smaller^ the further the eye is 
from the object 

For see Fig. 7, where PQ is the 
perspective plane, at a fixed dis- 
tance from the original square, S, Fia^7. 
whose perspective is to be found. When the eye is at E, the 
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perspective of S is dhcd; but when it is at E', the perspective 
is the larger figure dgfe; which agrees, so far, with the enunci- 
ation. 

This fact is, however, also evident from principle^ as well as 
by inspection. For the longer the visual cone, ES, the greater 
must be the section, agfcy cut from it by a plane at a fixed dis- 
tance from its base. 

The larger perspective will, however, as stated, have the 
lesser appa/rent size because, being more distant, it subtends a 
smaller visual angle, at E', than at E. 

THEOREM XVI. ' 

Hie picture^ and the eye^ hoth heing fixed ^ the further the ob- 
ject is from hoth^ the smaUer the perspectwe figure wHZ hoth 
he^ cmd appea/r. 

See Fig. 8, where E, the eye, and PQ, the picture, are fixed, 
and S and S' are .two parallel positions of the same square. 




Fig. 8. 

Then the figure. A, is the perspective of S, and the lesser figure, 
«, is the perspective of the equal, but more distant square, S'. 

The figure, a^ is actually less than A, because the longer the 
visual cone, having the same base, S, the smaller will be the 
angle at its vertex, and hence the smaller the section, a, cut 
from it by a plane, PQ, at a fixed distance from its vertex, E. 
The figure a also appea/rs less than A, it being really smaller 
and at the same distance ; and this should be so, since S', being 
further from the eye than S, it must appea/r smaller. 



SPECIAL PBINdPLES A3S[D OPERATIONS, 



89 



THEOREM XVIL 

The object^ cmd the eye^ 'both hemg fixed^ the nea/rer the picture 
is to the eye^ the rnnaUer the perapectme will really he, though 
its apparent size will he constant. 

This theorem, being more familiar than the other two, needs 
no separate illustration. The eye, and the object, being fixed, 
the visual cone, and the visual angle at its vertex, are inva- 
riable ; hence the different sections of it, made by different 
positions of the perspective plane, all subtend the same visua,! 
angle, and hence will be of different real, but eqv^l apparerut 
sizes. 

If, however, the dimensions of the picture be fixed, the extent 
of the view, which can be represented upon it, will be greater, 
the further the picture or perspective plane is from the object. 




Thus, Fig. 9, if AB be a plan of the front of a house, and 
C a porch, and E the eye, a canvas, or paper, of the length pq, 
would barely contain the perspective of the porch alone, as 
seen by the visual rays Ec and l^d. But if the same surface 
take the position p'q\ the form of the perspective figure wiU 
be the same but smaller, and the whole house can be shown ; 
while, if i?^ be further moved away from the house, some sur- 
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roundings of skj and landscape can be admitted into the 
picture. 

80. In the three last theorems, we have spoken of the sises^ 
real or apparent, of perspectives under various conditions. 
Their ybrvTW, for a fixed position of a given object, depend only 
on the distance of the eye from the object, so long as the dif- 
ferent positions of the perspective plane are parallel, and the 




Fig. 10. 



object is viewed in the same direction. Thus, Fig. 10 repre- 
sents the apparently distorted perspective of a square prism, or 
pillar, seen from a point too near it, while Fig. 11 represents a 





Fig. 11. 



view, more agreeably conformed, in the apparent relative direc- 
lion of its edges, to common experience. 

In studying good pictorial effect, therefore, regard must be 
had to the actual dimensions of the picture ; to the distance of 
the perspective plane from the object, and of the eye from the 
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object. The* latter distance, particularly, should be accommo- 
dated to the practical limits of the visual angle, which are at 
from 30° to 46° apart. Such a perspective as Fig. 10 is in 
disregard of these limits, and represents the supposed pillar as 
seen from a point too near for it to be wholly seen at once ; that 
is, to be seen without turning the head. 

THE METHOD OF SCALES. 

81. Eesuming, now, the method of scales^ let all horizontal 
distances, parallel to the perspective plane, be called lengths; 
let all those, perpendicular to the same plane, be called depths / 
and let all vertical distances be called heights. 

We now say that the perspective of any point can be found, 
when there are given its perpendicular distances, from any plane 
perpendicular to the ground line, from the perspective plane, 
and from the horizontal plane. For illustration, see the fol- 
lowing problem. 



Peoblem LVI. 

To jmd the perspectwe of a point in spacey by the method of 

scales. 

PI. Y., Fig. 44, is a plan view, only. AB is the ground 
line, on which the perspective plane is perpendicular to the 
paper. EE' is the perpendicular distance of the eye in front 
of the perspective plane. AN is the horizontal trace of a ver- 
tical plane of reference, perpendicular both to the horizontal 
and the perspective planes. M is the plan of a point, six feet 
behind the perspective plane, and four feet four inches to the 
right of the plane AN. Its height is shown in the other 
jBgures. 

Now, in Figs. 45-46, let A be the lower left hand comer of 
the picture, let the ground line, AB, be the base of the picture, 
and the vertical trace, AN', of the vertical plane of reference, 
the left hand border of the picture. Let YE' be the horizon, 
and E' the centre of the picture, or vertical projection of the 
point of sight. 

Next, let A be the zero point of three scales ; of AB, as a 
scale of lengths^ or distance from the plane AN', or AN, Fig. 
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44 ; of AB, again, as a scale of depths^ really existing on the 
horizontal trace Alf , Fig. 44 ; and of AN' as a scale of hdghU. 
The scale of depths can be laid off on AB, because a diagonal 
from any point, as N, Fig. 44, six feet behind the perspective 
plane, will cut off the same distance, six feet from A to the' 
right or left, on the ground line AB. 

Since AN is perpendicular to the perspective plane, its per- 
spective is AE'. 

As the vanishing points of diagonals are at a distance from 
E', equal to EE', Fig. 44, we resort to the method of reduced 
distances, and make VE' = half of EE' in Fig. 44, also AF = 
J AN, from Fig. 44. Then FV 'crosses AE' at n the perspec- 
tive of K 

For the lateral distances, make AB = NM = .four feet and 
four inches, and draw BE', which will be the perspective of 
BM, and will intersect nm^ which is parallel to the ground line, 
and is the perspective of NM, in m, the perspective of M, the 
horizontal projection of the required point. 

Henceforth, the two Figs. 45 and 46, differ slightly in details 
of construction, but not at all in principle. 

In Fig. 45, the height, five feet ten inches, of the given point, ' 
is laid off on the scale of heights AN', and N'E' is the perspec- 
tive of a perpendicular at this point. Then rm\ perpendicular 
to the ground line, is the perspective of a vertical line at N. 
Hence n\ the intersection of N'E' and nn\ is the perspective 
of the projection of M,M' upon the lateral reference plane, AN. 
Then n'm\ the perspective of a parallel to the ground line, 
meets m/m\ the perspective of a vertical line at M, at tti^ the 
required perspective of the given point, which is thus given by 
three co-ordinate distances, from the three planes of reference. 

In Fig. 46, the height of M is laid off on BM'. Then M'E', 
the perspective of the perpendicular through it, meets the ver- 
tical, mm\ at the same point, m/y as was found before. 

82. The method of scales can be applied to all manner of 
regular objects, such as buildings, etc., in simple positions, with 
no auxiliary drawing but a plan, on any convenient scale, laid 
down in any desired position oblique to the perspective plane, 
as indicated by the rectangular plan, in Fig. 44, and with 
sketches of the elevations on which the heights may be re- 
corded. 
. When, however, curved surfaces, or any surfaces in quite 
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irregular positions, are concerned, and in finding the perspec- 
tives of shadows, generally, more or less complete projections 
are required, as well as the use of all the resources of perspec- 
tive science. 

The two following examples involve fiirther illustrations of 
the method of scales. 



Peoblem LVII. 

Having cm mdefmite perspective vertical line^ at a hnovm dis- 
tant behind the perspectme plane ; to jmd its foot ; the true 
length of a portion of it^ a given distanxie^ in perspecti/oe^ 
vpon it; a/nd to divide it in a given ma/nner. 

Let An., PI. V., Fig. 39, be the ground line, EJ the vertical 
line, and-HD the horizon. 

1°. Anywhere on A^i, make mn equal to the given distance 
of BE behind An — suppose it to be one foot — and draw the 
perspective perpendicular, /iC, and diagonal mD, through m 
and n. This will give T^, the perspective of the given per- 
pendicular distance. Hence B, the intersection of EJ with TB, 
drawn parallel to An^ will be the required foot of EJ. 

2°. To find the true length of EJ, consider that, as it is ver- 
tical, any parallel horizontal lines, through E and i, will inter- 
cept, on the perspective plane, a space equal to the true length 
of EJ. But all horizontal lines vanish in the horizon. Hence 
OBA, from any point, O, in the horizon, is the horizontal trace 
of a vertical plane through EJ, and Ac is its trace on the per- 
spective plane. Oa and Oe are the perspectives of horizontals 
through h and E, and they intercept on A^, the distance ae 
equal to the original of EJ. 

3°. To find any perspective distance, as one foot, for ex- 
ample, above K Consider that the perspectives of distances on 
any parallel to the perspective plane, are proportional to those 
distances themselves. Hence make ap equal one foot, and 
draw the perspective horizontal pO^ which will qpt off fi-om h 
the perspective hq of one foot on 5E. 

4°. To divide EJ in any desired manner, merely divide 5E 
itself as required, according to the principle mentioned in the 
last operation. 
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Peoblem LVIII. 

To construct a series of vertical UneSy or of parallels to tJie 
ground line^ through povnts on a given perspective line, which 
divide that Une into partSy perspectvvdy equal to a given per- 
spective distance. 

Let AB, PI. v., Fig. 38, be the ground line, and AC the 
given perspective Kne, vanishing, in this case, at C, the centre 
of the picture, and containing the given perspective distance 
"Pa. Spaces as oJ, hc^ etc., perspectively equal to Pa, could be 
found, as in the last problem, by perspective diagonals DP and 
Day produced to meet AB, and by diagonals through the points 
of division of parts equal to the original of Pa, as found on 
AB. But draw the vertical PE of any convenient height, lim- 
ited by a perpendicular EO. Draw mC bisecting PE, and draw 
the vertical a<5, meeting mO at n. Then draw E?i5, and the 
vertical hf/ then eoCy and the vertical cr, etc., and aS, hCy etc., 
will be perspectively equal to Pa, so that PE, a^, bfy etc., will 
be perspectively equidistant verticals, as required. For PEJ^ 
is, in space, a rectangle, hence its diagonal, E&, bisects its 
centre line mOy at ti, making aCy in space, equidistant from PE 
and hf. 

If PE be definitely given, and parallels to AB, through E,^, 
etc., be required, at intervals perspectively equal to E^, draw 
EF, and eky parallel to AB, make EF equal to twice the dis- 
tance 'Euy which is assumed at pleasure, and proceed as before, 
and as indicated in the figure. 

Similar parallels can likewise be drawn in the horizontal 
plane. 

This construction is useful in representing equidistant pil- 
asters, and beams, or bands, in ceilings. 

Should it be desired to bisect Pa, etc., draw a line Ea, and, 
from its intersection with mO, draw a paraUel to EP, which 
will bisect Pa. 
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SECTION V. 
Inverse Perspective Construotiojis. 

83. These constmctions have for their object the determina- 
tion of the real size, form, and p6sition of an object whose per- 
spective is given. Now, as there may be as many diflferent 
perspectives of the same object, seen, too, from the same point of 
sight, as there may be different sections of the visual cone 
radiating from the eye to the object, the problem, as above 
stated, is absolutely indeterminate. But if we understand what 
the picture represents, and if the particular manner of its rep- 
resentation is evident, or if the ground line, or the horizontal 
trace of a plane parallel to the perspective plane, be known, 
considerable information, as to the original of the given per- 
spective, can be obtained. 

84. Thus, if any two lines of the picture are known to be 
parallel horizontals, their intersection will be a point of the 
horizon. If, in addition, they are known to be perpendiculars, 
their intersection will be the centre of the picture. In either 
case, the horizon will be a parallel to the base of the picture, 
through the point found. We will proceed now with a few 
illustrations of these principles. 



Pboblem LIX. 

Having gvoen the jperspectwe of a sqtuxre piUar^ with a face 
pa/raUeL to the perspectwe plane; to find the centre of the 
pictmrej the horizon^ and the vanishing point of diagonals. 

Let ABf PI. VI., Fig. 62, be the given perspective. AE 
and the corresponding edges being known to be perpendiculars, 
produce any two of them to their intersection C, which will 
be the centre of the picture. CD, parallel to AB, through C, 
will be the horizon. The pillar being known to be square, AF 
is a diagonal, and D, its intersection with the horizon, is the 
vanishing point of diagonals, and therefore CD is the distance 
of the eye from the perspective plane. 
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Problem LX. 

Hamng given the oblique j>eTapectiA)e of the visible faces of a 
sqica/re jpiUar / to Jmd the vcmishi/ng points of its edges^ the 
horizon^ cmA thepomt of sight. 

Let ABG—a^ PI. VI., Fig. 53, be the given perspective. 
AB and aJ, being horizontal and parallel in space, Y', their 
intersection is their vanishing point, and a point of the hori- 
zon. Likewise V is the vanishing point of AC and ac^ and 
V V' is the horizon. By drawing BY and OY', we find F, the 
perspective back comer of the lower base ; then AF is a diag- 
onal of that base and has G for its vanishing point* Now, AB 
and AC being, in space, at right angles to each other, the visual 
rays parallel to them include the same angle. But these rays 
pierce the perspective plane at Y and Y', hence the angle in- 
cluded by them will be inscribed in the semi-circle, having V V 
for its diameter. Besides, G is the vanishing point of the 
bisecting line of that angle, hence describe a circle on YY' as 
a diameter, bisect its upper half at rtiy and ^GE will be the 
revolved bisecting visual ray of the visual right angle sought. 
Therefore EE' is the point of sight required, shown, as in pre- 
vious problems, in the horizontal visual plane. 



Problem LXI. 

Homng given, m addition to the last problem, the vertical trace 
'of the horizontal plane contamiing the base of the piUa/r; to 
Jmd the real position and size of that base. 

Let A'B', PI. YI., Fig. 63, be the given trace, and let the 
true size and direction of AB, for example, be required. Pro- 
duce AB to A', in the trace A'B'; and project it into the 
ground line, A''B'', at A''. Then by ^rob. XXY. {Third) 
revolve the parallel visual ray, EY', into the horizon at vY^, 
and E'y will determine v to be the vanishing point of parallels 
making equal angles with A"B'' and the original of AB. 
Hence draw va, and vB\ through A and B, project a and B' 
at a" and B'', from which points draw a^'a' and B''5', parallel 



PI. VI. 
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to Ev ; and, from A'', the line A'V parallel to EV. This line 
will intersect the two preceding ones at a' and V / giving a'V 
for the real size and direction of AB. In like manner, the true 
size of the remaining sides of the lower base could be found. 



Pboblem LXII. 

Having the perfective of a Jwrizontal rectcmgle^ to find the 

point qf eight. 

Let ABFO, PL VI., Fig. 54, be the given perspective rec- 
tangle. Producing the pairs of opposite sides to their intersec- 
tions at Y and V, we have W for the horizon. The diag- 
onal AF meets the horizon at G, which is its vanishing point. 
Now this diagonal does not bisect the angle at A, since the 
original figure is not a square. Hence half of VmV will not 
subtend either fraction of the angle at the point of sight in- 
cluded between visual rays through V and Y\ and parallel to 
the originals of AB and AC, so that we only know that, if the 
horizontal visual plane be revolved downward about V V', the 
revolved position of the point of sight wiU be somewhere in 
the semi-circle on Y V. But if the ratio of the sides of the 
original rectangle be given, construct Vp and jw, perpendicular 
to each other and in the same ratio, and nVp will be equal to 
the angle made by the diagonal with the side of the rectangle, 
and \ rrN' will measure this angle. Hence mGE is the revolved 
visual ray parallel in space to AF, and mEV'=mV V is the 
original size of the angle FAB ; thus making EE' the required 
point of sight. 

Problem LXIH. 

To fimd the vcmiahvng points of linea^ in connection with the 

method of three plcmee. 

The operation required by this problem is important, when 
finding ttie perspective of any body bounded wholly or largely 
by straight lines in parallel sets. For then all the lines of each 
set really will, in space, have a common vanishing point, and 
if they fail to do so on the drawing, it occasions the most dis- 
pleasing distortion which the drawing can have. Hence if a 

7 
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perspea^e ccmnot^ on aocomU of instrumental error^y he per^ 
fect^ aoGwracy m other respects^ must he s<icriJloed to 8e<yu/re the 
actual TTieetmg of perspeotwe parallele at thevr proper va/niehmg 
points. 

Now in PI. VI., Fig. 58, let ch be the first, and <w"' the 
second position of a perspective plane, perpendicular to the 
ground line, let EE' be the point of sight, and L,L' any line in 
space. Then E'W— E'-y' is the visual ray, parallel to L,L', which 
therefore determines the vanishing point m' of L,L', and of all 
parallels to it. After translation and revolution, in the usual 
way, w\ being behind the vertical plane of projection, appears 
at Y, the vanishing point, in the picture, of all lines, parallel 
in space to L,L'. 

Again : EdJ— E'(^' is the visual perpendicular, which after 
translation and revolution gives C, the centre of the picture, 
and vanishing point of perpendiculars. Also a horizontal line 
through is the horizon, and by making GD^iEd (51) D will 
be the vanishing point of diagonals. 

Example. — Fmd the perspective of amy object whose lines are 
mosHy in pa/raUd setSy hy the use of three planes^ with vanish- 
ing poirUs. 

SECTION VI. 
Speoial Operations on Polygons and Circles. 

Pboblem LXrV. 

To construct the perspective of a circle, most concisely, hy mea/ns 
of i/nscribed and circumscribed squares. 

The perspectives of the circular bases of cylinders have been 
previously found, by lines of construction from any of their 
points. The following method is very concise. Let CFK, PI. 
VII., Fig. 63, be the given circle, and a'e' the ground line, the 
horizontal plane having been revolved 180°. Make the in- 
scribed and circumscribed squares with sides parallel to the 
ground line, let DTE be the horizon, E the centre of the picture, 
and D' the vanishing point of diagonals. Then the lines from a\ 
h\ c\ d\ and e' to E, are the perspectives of the perpendicular 
sides, KA, etc., of the squares, and diameter, OH, of the circle, 
L'D', the perspective of the diagonal KL, then crosses the 
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former lines at e^p^ o, r^ and i, the perspectives of L, P, O, R, 
and K. Then hg^ rq^ m^?/*, pn^ and ea^ all parallel to the ground 
line, are the perspectives of KG, RQ, etc., and cross the per- 
spective perpendiculars, giving A, the perspective of H ; q^ the 
perspective of Q ; wi and/*, the perspectives of M and F, etc. 




THEOREM XYIII. 

The middle point of the perspectwe of the diameter^ perpendio- 
uLar to the perspective plane^ m a circle^ whose plane is per- 
pendicula/r to the perspective pla/ne^ is the centre of the 
perspective of the circle / cmd this perspective diameter^ <md 
a paraUd to the ground line through its middle poiM^ a/re 
conjugate diomsters of the elliptic perspecti/ve of the circle. 

In PL VII., Fig. 63, HO is the perpendicular diameter men- 
tioned, and ch is its perspective, and a diameter of the perspec- 
tive ellipse, because it has parallel tangents, as and gh^ at its 




extremities ; and ch^ being a diameter, its middle point i is the 
centre of the perspective ellipse. 
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Now ch^ and v/y parallel to the ground line through i, will 
be conjugate diameters, if uy has tangents at its extremities, 
parallel to ch. Drawing the perspective diagonal D^^, and its 
original, ^I, the chord XJT, through I, and parallel to the ground 
line is the original of wy. 

Now, by Prob. XL., if the eye be in the meridian plane 
HC— c', the tangent at U and Y, and the diameter CH, will 
meet, as at E'', Fig. 12, in the horizontal trace of the visual 
plane parallel to the perspective plane. But, by Theor. VII., 
the perspectives uy^ t^'y', etc., of UT are equal, and in the 
same line ; and, by Theor. XI., the perspectives of the tangents 
at TJ and T, and of the diameter HC, will be parallel. Now 
ch is the perspective of CH, hence the perspectives of these 
tangents will be parallel to ch^ and through u and y ; and wiU 
be tangents to the elliptic perspective of the circle. Hence ch 
and uy^ each having tangents at its extremities, parallel to the 
other, are conjugate diameters. 



Problem LXV. 

Ma/ving gwen two conjugate dia/fneters of a perspective eUipse, 

tojmd its asffes. 

Let ab and a?y, PI. YH., Pig. 64, be two conjugate diameters 
of the perspective of the circle AIP, and found as in the last 
problem. EE' is the point of sight, Q'A', the original, and Qh 
the translated ground line ; D, the vanishing point of diagonals, 
and the centre of the ellipse, whose original, O, may be found 
as in the last problem, giving gf for the original of ay. 

Otherwise : by Theorem VIII. the perspective of gf will be 
equal and parallel to a?y, wherever, in the vertical plane on QA, 
the eye be taken. Hence transfer EE' for a moment to F,E'' and 
the tangents to AIP, from F, will determine gf, and thence, O. 

Proceeding now to find the originals of the axes, the follow- 
ing conditions must be met : 

1°. Their perspectives must pass through the centre o of the 
ellipse. 

2°. These perspectives, both on the pUne Q'A', and on QA, 
taken now as an auxiliary perspective plane, must be at right 
angles to each other. 
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3°. These perspectives, to be not only rectangular diameters^ 
but rectangular conjugate diameters, and therefore axea^ must 
have tangents at the extremities of each, parallel to the other. 

To fulfil ih^Ji/rst condition, the originals of the axes must be 
chords of AIP, passing through O. To fulfil the second^ their 
perspectives must be parallel to the traces of visual planes 
through them, upon the vertical visual plane QA. And these 
traces being at right angles to each other, must be inscribed in 
a semicircle, through E', and with its diameter on QA. To 
fulfil the third^ both of the two required chords, as HG, sup- 
posing it for a moment to be one, and the tangents at the ex- 
tremities of the other, as IP, which are to be parallel tangents 
in perspective, must, by Theorem XI., concur at points on the 
horizontal trace, QA, of the vertical visual plane ; and these 
points will be the extremities of the diameter of the semicircle? 
in which the traces, above mentioned, must be inscribed. 

Next, to find two such points, so that the desired rectangu- 
lar traces from them to E' can be found. 

Conceive any two points of QA, as M and IT, to be the cen- 
tres of two spheres. The arcs, as GH and IP, of the great 
circles cut from these spheres by the horizontal plane, intersect 
at K, a point of the circle of intersection of these spheres. 
Also, the vertical small circles, HG, and IP, of these 
spheres, intersect in a vertical chord at O, hence KO is the 
horizontal projection of an arc of the circle of intersection of 
the spheres. But by the properties of surfaces of revolution, 
this circle must be perpendicular to the common axis, MN", of 
the spheres ; that is K is on AB, and O being the middle of^, 
the vertical chord, at O, of AIP, considered as a sphere, is 
equal tofg. Hence the arc^^ is equal to the one of which KO 
is the horizontal projection, and it therefore contains K. Hence, 
as M and N have been treated simply as cmy two points, of 
QA, we conclude that cmy sphere with ^ts centre on QA, and 
containing a chord of AIP, through O, would contain K. 
Hence we may conceive the required semicircle through E', 
before motioned, to be the intersection of the plane QA with 
one of these spheres. Then this semicircle would, after re- 
volving back the plane QA, coincide with the horizontal great 
semicircle of the same sphere, and we have only to find a 
semicircle through E' and K, with its centre on MN. Its 
centre is at once found at L by drawing AL, perpendicular to 
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the middle point of E'K. Then the semicircle with radius 
LE, determines the points M and N. By Theorem XL, ME' 
is the perspective, on the auxiliary perspective plane QA, of the 
secant and tangents which concur at M, and NE' is that of the 
secant and tangents which concur at N. Now ME' and NE', 
being inscribed in a semicircle, include a right angle, and as 
the two perspective planes are parallel, the required perspec- 
tives of the lines meeting at M and N are parallel to ME' and 
NE'. These perspectives, for the latter set, begin at m, ^, and A, 
translated positions of m', e\ and h! (regarding QA again as the 
translated position of Q'A'), hence they are A«, ^U, and rrvr 
parallel to NE'. U^ is the indefinite transverse axis of the 
perspective ellipse, and the parallel tangents, ha and ttit^ limit 
the conjugate axis tb^ perpendicular to U^,, through o, at t and 
«. The line /•*, and the parallel tangents at U and T could be 
found as just explained, but the indefinite axes may be limited 
by perspective perpendiculars, as at TJ, by 'i^E, the perspec- 
tive of the perpendicular from P ; or by perspective diagonals, 
as at «, by {D the perspective of the diagonal from G. 

Sema/pJc. — ^fleviewing this problem, we see that the actual 
construction is brief and simple. The greater extent of a full 
explanation of it, may account for its being seldom met with. 



THEOKEM XIX 
The perspective of a circle may he amy one of the conic sectiona. 

For the eye is the vertex of the visual cone, whose base is the 
given circle, and the perspective plane may cut this cone in 
any manner whatever. If it cut all the elements, the section 
will be an ellipse, except when the plane is parallel to the base,, 
or, in the case of an oblique cone, cuts it in a subcontrary cir- 
cular section. (See Des. Geom. .) If the perspective 
plane be parallel to a tangent plane to the visual cone, it will 
cut it in a parabolic perspective of the circle ; and if it cut 
both nappes, the perspective will be a hyperbola. The two 
latter forms correspond to the case in which the perspective 
plane cuts that of the circle, which is quite unusual in practice. 

Example. — Construot the perspective of a drehj which is 
tangent to the visual pla/ne^ pa/rdllel to the perspective plome. 
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85. PL X., Pig. 74, shows a familiar construction of the 
parabola, upon a given chord and segment of the axis, by 
means of equidistant parallels to the latter, meeting radials 
from the vertex e to equidistant points on the outer parallel 
"Kd, which is equal to cH. Fig. 77 shows at C, A', B', etc., a 
familiar construction of a circle by points, VE and ED being 
equal, and equally divided by the radials from C and H, meet- 
ing VE and DE produced, if necessary. The principles of 
perspective now permit the solution of the following problem, 
and then it will be shown how the above construction of the 
parabola is derived from that of the circle. 

Peoblem LXVI. 

To construct the po/raioUc perspective of a circle. 

We shall make an exact construction of the horizontal pro- 
jection of the perspective of the circle, which will, however, 
be a proper representative of the perspective itself, since that 
projection of a conic section is a conic section still, of the 
same kind. Then let CEHF, PI. X., Fig. 77, be the given 
circle, constructed by points, and let it be the base of a vertical 
right cone, of which V is, therefore, the vertex, and VC and 
VH two opposite elements, in horizontal projection. Let GL 
be the horizontal trace of the perspective plane, which, to con- 
tain a parabolic perspective of the circle, must be parallel to 
one of the elements just named, as VH. Then to find thcf 
intersection, c, of this plane with CV, or the visual ray from 0, 
consider the elevation of a cone in Fig. 75, similar letters de- 
noting similar points in the two figures. IjOj being parallel to 
VH, we have 

CH:CL::CV:C(J, and 

CViCcy.GviGq, 
therefor CH : CL : : C^ : Cq. 

Hence make C<?, Fig. 77, equal to Ca?, a fourth proportional 
to CH, CL, and CV, and c will be the intersection required, 
that is, it will be the perspective of C. AU lines meeting at 
V, are projections of visual rays ; hence, CD, being parallel to 
the perspective plane, cd, limited at d by the ray DV, is the 
perspective of CD. But G, the intersection of DG with the 
perspective plane, is its own perspective, therefore Qtd is the 
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perspective of GD, and the intersections of it, as «, with 
visual rays, as AY, from the points of division on GD, are 
the perspectives of those points. But the lines of construc- 
tion from A., etc., meet at 0, whose perspective is c, hence 
dCj hCy etc., are the perspectives of AC, BC, etc. Now the 
visual ray, YH, being parallel to the perspective plane, the 
perspective of H is at an infinite distance from GL, and 
hence the perspectives of the lines, A'H, etc., which concur at 
that point, are parallel. But Ye is the perspective of YE, and 
both are similarly divided, since YE is parallel to the ground 
line ; hence n 1', o 2', etc., parallel to YH, are the perspectives of 
AH, etc. ; a;nd A'', B'^, etc., their intersections with do, ho, etc., 
are the perspectives of A', B', etc., and are points of the para- 
bolic perspective, (?A''M'', of the given circle. M is found by 
making EA=EM, and drawing HA and CM. Then the visual 
ray MY gives m, the perspective of M, and mo, that of MC ; 
and, making e 4'=2'3', we have 4:'M'', parallel to YH, for the 
perspective of H,M', and M'', its intersection with Gdy for the 
perspective of M'. 
The way is now open to the proposed theorem (86). 



THEOREM XX. 

The eonstncction of the pa/rabola h/ points (Tig. 74) is the per- 
specti/oe of the gi/ven construction of the circle, iy points 
■ (Fig. 77). 

To prove this theorem, it is only necessary to show, that the 
system of lines from <?, divides any one of the parallels to YH, 
into equal parts. This is easily shown by reference to PI. X., 
Fig. 76. There, NDG represents a vertical plane of which 
DG (Fig. 77), is the horizontal trace. NeZ'TG represents the 
perspective plane, and NDO^, KA0(3, etc., the visual planes, 
whose horizontal traces, DC, etc., represent DO, etc., in Fig. 
77. Then No, Kc?, Be, etc., represent the indefinite perspec- 
tives of DC, AC, etc. Now, by reason of the common inter- 
section Cc, of the visual planes, their traces DN, AK, etc., on 
the supposed vertical plane DG, are parallel. Hence, DA, 
AB, etc., being equal, NK, KR, etc., are equal ; therefore, as 
d'UL'', which replaces d'W\ Fig. 77, is parallel to NG, the 
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divisions d^W\ a''V\ etc., are equal, and hence, finally, as e"e'^ 
V'h\ etc., are obviously parallel, dfa\ a'h\ etc., are equal. But 
these lafit spaces represent d'a\ etc., in Fig. 77. Hence the 
latter distances are equal, which justifies the construction of 
Fig. 74. 

Example 1. — Find^ v/pon the vertical perspective pla/ne^ the 
pa/raholic perspective of a circle one element of whose visiml 
cone should be — vertical or otherwise — m the visual plane paral- 
lel to the perspectwe jpkme, 

Ex. 2. — Find the original of the axis^ focus direct/rix and 
am>y ordinate of this pa/rabolic perspective. 

Ex. 3. — Repeat Ex, 1 amd 2 ; for the hyperbolic perfective 
of a circle whose visual cone is cut by the visual plane^ pa/ralleL 
to the perspecti/ve pUme. 



Problem LXYII. 

To construct the perspective of a circle^ without d/raming the 
circle^ amd by Tneans of tJie numerical relations existing 
among the sides and diagonals of the circumscribed squa/re. 

In common to all the following methods, first construct the 
perspective of the circumscribed square, one of whose sides is 
supposed to be parallel to the ground line. To do this, it is only 
necessary to make a'e\ PI. YII., Fig. 63, equal to the side of 
the square, and e'\I equal to ^'L, the distance of the original 
square from the ground line, and then to complete the perspec- 
tive square aegh by perpendiculars, and a diagonal, as seen in 
the figure. Then : 

First. Make d'^=a'b'=^\ of aV, to locate the perpendicu- 
lars which give^ and r, and thence n and q. For, 

(?V=FT=OF-OT 
But OT=cos 45°, for the radius OF=R 

=:R \/i=R i/||i=|R very nearly. 

Or rfV=FT=fR=4- of aV. 
This method is, therefore, a close apprpximation. 

Second. Draw em^ after drawing fm parallel to the ground 
line through t?, the perspective of the centre O. Then make 
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e^B^ equal to \ of a'e\ and draw «'E, whose intersection, *, with 
em^ will be a point of the perspective of the circle. Three 
other points can be similarly found. 

Here we have LS x LM=:(LC)»=R« 

But (LM)^=(LA)^+(AM)'=5 E» 

Hence LSxLM=|(LM7 

Or LS=| LM, and La?=^V=y LA=| a'e'. 

Thwd. PL X., Fig. 77, shows at A', B', etc., a familiar con- 
struction of the circle by points, the radius VE and the equal 
tangent ED, perpendicular to it being equally divided by the 
groups of lines meeting at and H, meeting in pairs at A, B, 
etc. The perspectives of these points, found in any convenient 
manner, will be points on the perspective of the circle, through 
C, A, B, E, H, etc. 

Fourth. Make Ll=^ of LA; and the intersection of IF 
and LH, both of whose perspectives are readily found, will be 
a point, Y, of the circle. For, let Y 3 be parallel to LA, then 
L3 : LG::LY : LH. But by the second method 

LY=| LH, hence L3=| LG or f K, 
orF3=|E and Y3=|HG=:|E. 

Therefore Y3=-J- of F3 which makes 

Ll=^ of LF=^ LA, as in the construction. 

Fifth. Make A2=^ AL, and 2K will meet AH' in a point 
X, of the circle ; whose perspective, as before, will be the in- 
tersection of the perspectives of 2K and AH. For, the simi- 
lar triangles, A2X and KXH, give 

AX:XH::A2:KH 
But AX=| AH=i XH, hence A2=J KH=^ AL. 

It will easily appear, that by taking LM in place of LH or 
AF in place of AH, that each of the last two methods wiU 
give two points in each quadrant, and that these two methods 
give the same two points. 

Other like methods could be given, but the above, being the 
best, are enough for illustration. The practical convenience of 
all of them depends on having the square with a side parallel 
to the ground line. 
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Pboblem LXVIII. 

To dimde a circle into parts perspectvody equal; amd vdth^ or 

without^ recourse toitspJxm. 

The parts of the original circle will be really equal. Then, 
in PI. YII.5 Fig. 63, for example, divide the circle HFM into 
equal parts by radii which shall be produced to meet the sides 
of the circumscribing square. Lines joining the perspectives 
of the latter points with the perspective centre, o, will divide 
the perspective circle as required. 

This problem, being useful in the construction of perspec- 
tives of toothed wheels, fluted columns, or circular colonnades, 
the following construction, independent of the plan, is given. 
Describe a semicircle on mf as a diameter, and divide it into 
equal parts. Draw ordinates to mf through these points of 
division, and from their feet draw lines to E. The latter lines 
will divide the entire perspective circle as required, since the 
semicircle is the original, in a plane having mf for its ground 
line, of a circle whose diameter is wf^ and the ordinates are 
horizontal projections of perpendiculars. 

Bema/rk. — The method of chords Prob. XXV. (line o^J) may 
be applied to this problem, when the circumscribing square has 
any position. Also in general, amj system of parallels being 
drawn, through equal divisions of the original circles, their per- 
spectives will have a common vanishing point, and will divide 
the perspective circle into the perspectives of the equal pa!rts. 



Problem LXIX. 

To f/nd the perspective of a regular Jiexagon^ without con- 

strutting its hexagonal projection. 

Let A*, PI. YIL, Fig. 66, be the ground line, DV the hori- 
zon, EE' the point of sight. Table , and D the vanishing 
point of diagonals ; E'D being equal to E'E. Let AB be equal 
to one side of the hexagon ; and A^, equal to its distance be- 
hind the perspective plane. Then the perspective perpendicu- 
lar, AE', and diagonal, ^D, intersect at a, the perspective of a 
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vertex of the hexagon. Supposing one side to be parallel to 
the "ground line, then aJ, limited by BE', will be its perspec- 
tive. The next four sides, from a and J, make angles of 60® 
with the ground line ; hence draw EV, so as to make the angle 
at E=30°, make E'V'-E'7, and V and V wiU be the vanish- 
ing points of these four sides and of their parallel diagonals. 
Thus JY and the perspective perpendicular AE' determine e; 
then 'Y'e and dN intersect, giving f^ through which /b, the 
diagonal of the figure, parallel to the ground line, meets JY at 
<?, another angle of the hexagon. Lastly, cY intersects ed^ par- 
allel to the ground line, at d^ completing the figure. 

It may be noted that/b, being parallel to the ground line, is 
bisected at (?, by JY just as its original is, by that of JY. Also 
on evidently equals tig. Hence, again, if B& be made equal to 
half of AB, the line TcSJ will contain the point (?, at its inter- 
section with W orfc. 



Pboblem LXX. 

To find the perspective of a regvla/r octagon^ without makmg 

use of itapUm. 

Let the ground line, and given vanishing points be as shown 
in PI. YIL, Fig. 66, and let AB be equal to one side of the 
octagon, and Ai, its distance behind the perspective plane. 
Then, the perspective perpendicular, AE, and diagonal, ^D, 
will determine a^ the perspective of an angle to the octagon ; 
and aJ, parallel to the ground line, and limited by BE, will be 
the perspective of that side of the figure, which is supposed to 
be parallel to the ground line. Now, by inspecting an octagon 
and the circumscribing square containing its sides, it will be 
seen that the distance from an angle of the octagon to the adja- 
cent corner of the square will be a distance, B&, the hypoth- 
enuse of a right triangle each of whose other sides equals half 
the side AB of the octagon. Then, as shown, make Wcf and 
Ak^' each equal to BA, and TcTEi and Kl^ will be, in perspective, 
sides of the circumscribing square. Four sides of the octagon, 
two of which are adjacent to «J, are diagonals, in parallel pairs, 
to which diagonals of the octagon are also parallel. Hence 
draw JD, and oD will limit the side ah at A, on A''E ; 5D limits 
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hg at g^ on Jc"T> ; hc^ parallel to the ground line, determines c, 
on A'E ; then cD meets AE aty^, giving gf* gd determines <?, 
on ^'E ; and, finally, e is found as the intersection oi fe^ paral- 
lel to AB, with BE, or of dD with/^, or BE. 

Example l.—JLet the perspectme of a regular jpervtagon now 
he consftructed^ as a/n exercise^ wUTumt mahmg its plan^ having 
given the j>er€pectvoe of one of its sideSy and the point of 
sight. 
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CHAPTER V. 

Elementary Perspectives of Shadows, 

86. In this chapter, it is proposed to state, and illustrate, in 
an elementary manner, the methods of finding the perspectives 
of shadows. 

There are two general methods of finding perspective 
shadows. First; by separate successive applications of the 
principles of shadows, and of perspective. Second; by the 
combined application of these principles. 

87. According to the ^5^ method, the projections of shadows 
desired, are found in the usual ways, then the perspectives of 
these shadows are found, just as the perspectives of the objects 
casting them are. 

88. According to the second method, knowledge of the posi- 
tion, form, and properties of a given body, and of the principles 
of shadows, and of perspective, permits the direct construction 
of perspectives of shadows without reference to their pro- 
jections. 

89. Any vertical surface will be intersected by a vertical 
plane of rays in a vertical line, which will meet any ray in the 
latter plane, in the shadow of the point through which the ray 
was drawn. Also the shadow of a point upon the horizontal 
plane is the intersection of a ray, through that point, with its 
own horizontal projection; and \h!^ perspecime of that shadow 
will be the intersection of the perspective of the ray with the 
perspectme of its horizontal projection ; and the like is true for 
any other plane. In both cases, moreover, the horizontal trace 
of the vertical plane through the given ray is the horizontal 
projection of that ray and of all rays in that plane. Hence, 
great nse is made, in perspective, of the perspectives of rays, 
and of their projections on given planes, simply located ; and 
it therefore becomes necessary to find the vanishing points of 
these lines. 

The foregoing principles, with other subordinate ones, are 
illustrated in the following problems. 



BLEMENTABY PEBSPBCfTIVES OF SHADOWS. Ill 



Pboblem LXXI. 

Sa/Ding gwen the point of sight, amd the direction of the Ught; 
to find the vcmishvng point of rays, and of their horizontal 
projections. Also, ha/ovng these points given, to jmd the 
di/rection of the light 

First. Let EE', PL VI., Fig. 65, be the point of sight, A 
and A', the projections of a ray of light, and QI the ground 
line. By the rule for vanishing points, EI— E'R; the visual 
ray parallel to A, A', and piercing the perspective plane at E, 
gives R for the vanishing point of rays ; so that every line 
drawn from R is the perspective of some ray parallel, in 
space, to A,A''. 

Again, EI— E'H is a visual ray, parallel to the horizontal 
projections of all rays parallel to A,A^ But EI— E'H pierces 
the perspective plane at H, which is therefore the vanishing 
point of horizontal projections of rays. 

The two visual rays, EI— E'R and EI— E'H, are obviously 
in the same vertical visual plane. Hence the vanishing points, 
R and H, are in the vertical trace, RH, of that plane, which 
is perpendicular to the ground line, and is by (42— -3°) the 
vanishing line of all vertical planes of rays parallel to A,A'. 
Further, as horizontal projections of rays are horizontal lines, 
their vanishing point, as H, is necessarily in the horizon 
(33-2°). 

Second. Conversely/, therefore, having given the point of 
sight, EE', and the vanishing points, R, and H, to find the real' 
direction of the light. 

Join I, the intersection of the ground line with the vertical 
trace of the vertical visual plane, EIH, with E. This will be 
the direction of the horizontal projection of the light. Join R 
with E', and that will give the vertical projection E'R of a ray 
of light. 

We can thus either assume the direction of ^he light, and 
find the vanishing points of rays and of their horizontal pro- 
jections; or the reverse. 
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Peoblem LXXn. 

To find ike perypectwe of the gvven shadow of a given pointy 

on the horizontal pla/ne. 

Let P,P', at a distance Py, PL VI., Fig. 55, behind the per- 
spective plane, be the given point. The ray, PS— P'S', 
through P,P', pierces the horizontal plane at S, giving S as the 
shadow of P,P'. Then, by the method of visual rays (Prob. V), 
or of vertical visual planes and perpendiculars, which are iden- 
tical in construction (53) 8 is the perspective of the point of 
shadow, S,S'. Thus SE, and S'E', are the projections of the 
visual ray from the shadow S,S' ; and this ray pierces the per- 
spective plane at ., which is therefore the perspective of sV, 
as required. 

Peoblem LXXIIL 

Tojmd the perspective shadow of a ffvven pointy on the horir 
zontalpUme^ without ha/mng its real shadow. 

Continuing to refer to PL YI., Fig. 55,jp' is, by either of the 
methods of the last problem, the perspective of the given point, 
P,P', in space ; and p is the perspective of its horizontal pro- 
jection, Y^q. Then j?'R is the perspective of a ray through 
PP', and j?H is the perspective of the horizontal projection of 
the same ray. Hence «, the intersection of j?'R and^H is (89) 
the perspective of the shadow of PP' on the horizontal plane. 



Peoblem LXXIV. 

To fimd the pertpecHve of the shadow of a pointy on a plane 
perpendicular to the ground line / hy either general method. 

Let PP', PL VI., Fig. 56, be the given point ; QI, the 
ground line ; EE', the point of sight ; and R, the vanishing 
point of rays. Let the plane SYS' be the one on which the 
shadow of PP' is to be found. 

Now by the first method (87) S and 8' are the projections of 
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the intersection of the ray of light, PS— P'S', with the plane 
SYS', and hence, are the projections of the shadow required. 
Then the visual ray SE— S'E' pierces the perspective plane at 
^, making s the perspective of the shadow S,S', cast by P,P' 
on the plane SYS'. 

By the second method, find, first, p\ the perspective of PP'. 
Then note that P^'' and P'' are the projections of the projection 
of PP'' on the given plane SYS', and p^^ is the perspective of 
this projection; found likej?', by the method of visual rays, or 
in any other convenient way. Note that ^^'', being the per- 
spective of the projecting line PP'''— PT'', which is parallel 
to the ground line, is, itself, parallel to the ground line ; so that 
p^^ can be found as the intersection of p^p^^ with IJ/>'', the 
vertical trace of the visual plane P'''— ED/>''. Now, the visual 
ray, parallel to the projections of rays on SYS', will evidently 
meet the perspective plane in the line EV. But this ray, and 
the visual ray, E'E, are in a plane perpendicular to SYS', that 
is, parallel to the ground line, hence 'Rr is its trace on the per- 
spective plane ; and r is the vanishing point of projections of 
rays on the plane SYS'. Then the perspective ray of light, 
^'R, meets ^"r, the perspective of its projection on SYS', at «, 
the perspective of the shadow of PP', that is of p\ on the 
plane SYS', as before found. 



Problem LXXV. 

To jimd the perspecimes of the shadows of any points , vpon 
any oblique pla/ne whose t/races meet in the grov/ad li/ne. 

Let M,M' and NjN', PI. XV., Fig. 103, be two given points, 
and let PQP' be a given plane ; and let it be required to find 
the perspectives of the shadows of these points upon this 
plane. 

Observing the kind of lines used in the construction, we see 
that EcZM, and rfM", are the horizontal and vertical traces of a 
vertical visual plane through M,M'; and M'E' is either the 
vertical projection of the visual ray from M,M', or ^ihBperspeo- 
Uve of the perpendicula/r through the same point (53). In 
either view M", is the perspective of M,M', and m" is the per- 
spective of M, the horizontal projection of M,M'. 

8 
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By similarly Bituated lines, inked however as projections of 
a visual ray, and projecting lines of a point, "N-^ is found to be 
the perspective of NjN', and n^\ that of its horizontal projec- 
tion. • This completes the perspectives of the points. 

The vertical trace of the given plane is its own perspective. 
The perspective of its horizontal trace contains Q, where it 
pierces the perspective plane (Theor. III.) and also contains its 
vanishing point. But this trace being a horizontal line, its van* 
ishing point is in the horizon (42—4°) and is at p\ where the 
visual ray Ep— E'^' parallel to the trace PQ, pierces the per- 
spective plane. Then Qp' is the perspective of the horizontal 
trace, PQP''' of the given plane. 

Now, the vanishing line, p% of the given plane is drawn 
through J?', parallel to its vertical trace P'Q (Theor. IV.) and 
this vanishing line necessarily contains the vanishing points of 
all lines in the given plane. Therefore, to find the required 
shadows, we proceed as follows. 

Assume E, the vanishing point of rays, and H, that of their 
horizontal projections ; or construct them if the direction of 
the light is given ; then Hm'^ is the perspective of the horizon^ 
tal trace of a vertical plane of rays through M,M^, and, as this 
plane is vertical, RHI is its vanishing line. Now the intersect- 
tion of this plane with the given plane, contains the shadow of 
the given point M,M' ; but this intersection being common to 
the two planes, its vanishing point is in the vanishing line of 
each plane, and hence at I. Also a, the intersection of the per- 
spective horizontal traces of these planes is another point of 
the perspective of their intersection, which is therefore the line 
d. Then the perspective, M'^E, of a ray of light through 
M,M' meets al at S, the perspective of the shadow of M,M'. 

Note also that G', being the intersection of the vertical traces 
of the two planes, is its own perspective ; that is, the line la 
passes through G\ 

T, the perspective of the shadow of N,N' upon PQP' is 
similarly found, and if joined with S, would give the shadow 
of a line, NM-N'M', upon PQP'. 

Again ; 8 is evidently the perspective of the intersection of 
the vertical line M— MW, whose perspective is Wtti'^ with 
the given plane. Hence «S is the perspective of the shadow 
of this vertical line upon the plane PQP'. » 

To verify the construction, note that MG, being the actual 
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horizontal trace of the vertical planes of rays through M,M', it 
will be parallel to the horizontal projection EA of a visual ray 
of light} also that a is the perspective of A, the original inter- 
section of the real horizontal traces of the two planes. 

Examples. — 1. Let the cmgU P'QL he obtuse^ o/nd let JR le 
ahom H. 

2. The same conditions remammg^ let M^W^ he taken in the 
Hot, Pla/ne. 

3. Let PQL he a right angle^ a/nd let MyLT he in the jwst 
a/agle. 

i. Let P'QL he a right am^le^ amd let M^W he to the right 
loth of PQP' wnd of theUneBH. 



Pboblem LXXVI. 

To find the perspectvm of the shadow of a pointy t^pon any 
(AUque jplomey which is paraUd to the grov/nd line. 

Let MjM' be the given point, PL XV., Fig. 104, and let the 
plane be determined by the two parallels to the ground line, 
hc—h'c' and eb—e'V. GL is the ground line, and E'H, the 
horizon. Any secant, d)~-dh\ which intersects both of these 
lines, will intersect, the planes, of projection in points of the 
traces of the oblique plane, which are therefore the lines PQ 
and P'Q', parallel to the ground line. This plane being paral- 
lel to the ground liae, its vanishing line will be so also, and one 
point of it will be where a visual ray, as Ejp— E'jp', parallel to 
any line, as cJ— c'J', in the plane, meets the vertical, that is, the 
perspective plane, that is at p\ Hence jp'I is the vanishing 
line of the given plane. 

The perspective of M,M', found as in the last problem is M'', 
and vn'^ is the perspective of its horizontal projection. R and 
H are, as in the last problem, the assumed or constructed van- 
ishing points of rays, and of horizontal projections of rays, 
respectively, and RHI, perpendicular to the ground line, is the 
vanishing line of a vertical plane of rays through M,M', and 
HGr, drawn through m!\ is the perspective of the horizontal 
trace of this plane. Next, g' being the perspective of Qjj^', a 
point of the horizontal trace, PQ, of the given plane, agi^ par- 
allel to the ground line, is the perspective of PQ ; and a, its 
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intersection with HG-, is a point in the perspective of the 
intersection of the vertical plane of rays with the given plane. 
This line, being thus common to both planes, its vanishing 
point is I, the intersection of the vanishing lines of the two 
planes ; and al is its perspective. Then S, the intersection of 
the perspective ray M'^E, with al, is the perspective of the 
shadow of M'' upon the given plane PQ— P^Q'. 

As in the last problem la passes through P', which evidently 
corresponds with G' in the preceding figure. Also, as before, 
sS is the perspective of the shadow of M''^ upon the given 
oblique plane. 

Examples. — 1. Zet this problem ie sohed when the given 
plcme, stUl paraUd^ in aU these examples^ to the ground line, 
crosses the second a/ngle. 

2. Also, when M,M! isto the right of E,E. 

3. Also, when M,M' is to the 'right of hoth E,E cmd H. 

4. Also, when M,W is im, the vertical pla/ne, as at m',W. 
6. When It is above II. 



Peoblem LXXYII. 

To find the perspective of the shadow, cast hy a point, on the 
horizontal pUme, hy the method of three planes. 

In this case, care must be taken to remember that the pro- 
jections of the light must be taken with reference to the 
observer as facing the perspective plane, so that on the perspec- 
tive figure the shadow shall, as usual, indicate the light as com- 
ing obliquely over the left shoulder. 

Thus, let P,P' be a given point in space, PI. VI., Fig. 57; 
QKQ', the perspective plane, and E,E', the point of sight. 
Then, as the observer, standing at E, looks at the perspective 
plane in a direction parallel to the ground line, PS and P'S' 
are the proper projections of the light, and S,S' is the shadow 
of P,P' on the horizontal plane. Then by the usual operations 
in case of three planes, translating QRQ' to qrg^, and revolving 
it ; S'' is the perspective of SS'. 
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THEOREM XXI. 

If the perspeoti/ve of a ray of Ugkt is tcmgent to the j^erspectme 
of a curve J it vriU also he tangent to the perspective of the 
shadow of that curve wpon amy sxf/rface. 

The perspective ray, K, being tangent to the perspective of a 
curve, C, shows that it is the trace of a plane, tangent to the 
visual cone, of which the original of the curve is the base. 

But such a plane is a visual plane, and it will be tangent to 
the cylinder of rays of light whose given base is the same given 
(original) curve. Hence its trace, T, on any surface, will bo 
tangent to the intersection of this cylinder of rays with that 
surface ; that is, to the shadow, S, of the given curve in space. 
But the tangent plane, being also a visual plane, its trace on the 
perspective plane, which is the given perspective ray, R, is the 
perspective of the tangent trace, T ; and by (Theor. YI.) this 
perspective of T, will be tangent to the perspective of the 
shadow, S ; which was to be proved. 



118 LINEAS FEB8PE0TIVE. 



CHAPTER VI. 

Oeneral and Praotioal Problems of Fonxis and their 

ShadoT^s. 

90. In this chapter' pf larger and more practical applications, 
of the methods already explained, those methods will, in gen- 
eral, be applied indiscriminately, several different ones being 
sometimes employed in the same problem, so that particular 
methods shall not become nnnecessarily associated with partic- 
ular problems. Only, in the construction of certain special 
points, the methods most favorable to accuracy wiU be chosen. 



Pboblem LXXVIIL 

To Jmd the jperspective of an mterior^ a/nd of one of its 

shadows. 

Let ABCG, PI. YII., Fig. 67, be the section of an arched 
room, made by the perspective plane, whose ground line is AG-. 
This section is therefore its own perspective. EE' is the point 
of sight, taking the plane of the horizon for a plane of projec- 
tion ; and D and D' ' are the vanishing points of diagonals. 
The other vanishing points will be explained as they shall come 
to be used. This problem will serve chiefly to illustrate the 
method by scales. See Prob. LYI. 

1®. — To Jmd the perspectmes of the internal edges of the 
room. Four of these edges, from the points A, B, 0, and G, 
are perpendicular to the perspective plane, and therefore vanish 
at E'. Let the room be 12 ft. in depth back of the perspective 
plane, which may be supposed to coincide with one end of the 
room. Then, making A— 12=12 ft., on the scale of AG=8 
ft., as the width of the room, 12— D' will be the diagonal 
which will limit AE' at K, a back corner of the floor. Sup- 
posing the rear wall of the room to be parallel to the perspec- 
tive plane, draw EIH, which will limit GE' at H ; K J, which 
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wiU Hmit BE' at J ; and HI, which will limit CE' at L Let 
the centre, c\ of the arc, BO, of the ceiling, be the vertex of 
an angle Bc'O of 30° ; then to find the perspective IJ of the 
equal and parallel back arc, draw c'c^ parallel to AG-, then 
cA— E', the perspective of a line parallel to GH, then }ik\ par- 
allel to AG, which will meet gh' at the centre of IJ. And 
gh! is found by dropping c'i, perpendicular to AG, and draw- 
ing ^g'E', the perspective horizontal trace of a vertical plane, 
through the centres c' and h\ upon the floor, then gh! perpen- 
dicular to KH, is the trace of the same plane on the rear wall. 
The arc IJ, with centre hi then completes the outline of the 
interior. 

2°. — To jmd the perspeciwe of the doorway amd "pedestal. 
Let the hither edge of the doorway be 4 ft., from G in the left- 
hand wall, then, G12 being 4 ft., the perspective diagonal 
12— D' cuts off the perspective, GL, of four feet on GH. Next 
let the doorway be 3 ft. wide, so that its further edge shall be 
7 ft. from G ; then 1— D will be a perspective diagonal giving 
GM, the perspective of 7 ft. Also, let the door be 8 ft. high ; 
then, on GO, make G8=8 ft., and 8— E' will Umit vertical 
lines, at.L aad M, so as to give the upper corners of the open- 
ing. If the wall be 1 ft. thick, 9— E' will be the perspective 
of its outer floor line, and MP, and OQ, will be parallel to AG, 
and PQ wiU be vertical A fragment of the outer top edge is 
seen at Q, vanishing at E', it being, in space, parallel to NO. 

Passing to the pedestal, we suppose it to be 3 ft. high, and 
1 ft. square; 1 ft. back of AG, and 1 ft. to the left of the right 
handrwall. Hence 2— E' and 1— E' are the perspective traces 
of its vertical side faces. The diagonals, 7— D and 6— D, cut 
off the perspective feet, GA and Td^ from G on GH, so that hh' 
and K', parallel to AG, are the perspective of the traces of the 
front and rear faces of the pedestal. The intersections of the 
four traces now described form the perspective, X^, of the base 
of the pedestal ; vertical lines from the comers of which, are 
the perspective of its vertical edges. For the height, make 
Aa=3 ft., draw aE', the perspective trace of the top plan of 
the pedestal on the neighboring wall ; and draw the verticals, 
IdTc" and Z7", which are the traces of the front and rear faces, 
upon the same wall. Then Id'm^ and Z'^Z, parallel to AG, will 
evidently limit the vertical edges, as at m, and T. Also rriL 
and nl will, of course, vanish at E^ 
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3°. — To jmd the perfective of steps dscend/ing obliquely in 
the room. To render the figure clearer, the size of the steps is 
considerably exaggerated. Let E, the foot of the foremost 
edge of the steps, be 3 ft. to the right of GH, and 6 ins. back 
of AG. Then make Qi»=6 ins., draw the* diagonal aD, and 
yR will be perspectively 6 ins. back of AG ; and 5— E^ will 
cut off ^*E, perspectively equal to 3 ft. Let the plane of the 
sides of the steps intersect AK, at 8 ft. from A ; then GD' will 
cut off AJ, the perspective of 8 ft. on AK, and yW) will be the 
perspective horizontal trace of the plane of the side of the 
steps. Supposing them to be 7 ft. high, make A7'=7 ft., and 
7'E' will be the trace of the top tread upon the side wall AJ, 
and RT will be the perspective line containing the inner angles 
of the steps. This line, and therefore its projections, W> and 
5T, are, in space, equally divided. Then, by Prob. LI., 
we find the true length of RJ. Thus, S', the intersection of 
RJ with the horizon, is the vanishing point of R5, and there- 
fore the arc EF with centre S', gives F, the vanishing point of 
chords making equal angles with AG and the original of R5 
which is parallel to S'E (32). Remembering that such chords 
would cut off, from y, equal distances on yA, and on the orig- 
inal of RJ, we draw FR?* and FJf', giving rf for the true 
length of RJ. Then divide rf^ as desired, into equal parts, as 
at iy <9, and y, and ^F, etc., will divide RJ into the perspectives 
of these parts, as at i\ <5^,* and /. Again, JT, being a parallel 
to the perspective plane, will be equally divided, if its original 
be so ; hence divide JT, as at «,«', etc., into the same number 
of parts as rf contains. Now the verticals from i\ etc. ; and 
the horizontals from «, etc., and vanishing at S^ will intersect at 
i"y e^\ etc., the inner angles of the steps, and at t'\ <?, etc. ; 
the corresponding outer angles. Making ru^ equal to 1 ft., and 
drawing 'wF, we find RU, the foot of the side board RTU ; 
supposing RU to be, in reality, equal to 1 ft. Now U V and 
RT are parallel, and hence have the same vanishing point. 
The vanishing line of the plane (40) RJT is evidently a vertical 
line through S', and the vanishing ^oi/i^ of RT is in this line. 
Hence produce RT to meet S'S'', perpendicular to the horizon, 
and S''' (beyond the border) will be the desired vanishing point 
of RT and UV. The longer edges of the steps are perpendic- 
ular to R5, hence ES, perpendicular to ES', represents the visual 
ray parallel to them, and consequently gives S, the vanishing 



PI.YOI 




PSOBLEMS 07 F0BM8 AND THEIB SHADOWS. 121 

point of these edges, whieli are now simply drawn, from /', i'\ 
Oy etc., towards S. In the figure, they are irregularly termi- 
nated, to avoid repeating constructions already explained. 

The student can readily find the perspective of a given 
length on E-y / and the further edges, corresponding to r"i'', 
etc., would vanish at S'. 

4°. — To jmd apomt of ahad/yw^ cast hy the pedestal^ on the 
side wall. To avoid confusing the figure, this is the only 
shadow shown. After a little further progress, the student will 
find no trouble in constructing all the shadows afforded by this 
problem. Let H' be the vanishing point of horizontal projec- 
tions of rays, and E' that of rays. Then XH^ is the perspec- 
tive horizontal trace of a plane of rays containing X/i, also 
ajV is the trace of the same plane on the side wall, and a?'^, its 
intersection with the perspective ray nSi\ is a point of shadow 
as required. 

Example. — Let the Ught proceed from righli to Uft^ mahmg 
IT to the left of F^ for eoaample^ amd then jmd the shadows of 
the pedestal and of the steps. 



Peoblem LXXIX. 

To construct the pefrspectvoe of a vertical regvla/r hexagonal 
prismy amd of its shadow upon the horizontal pUme. 

The perspective of the prism, PI. YIII., Fig. 68, is here 
found by the method of perpendiculars and lines of the given 
object. That of the shadow, by the second general method 
(88) from the perspective of the object. 



Problem LXXX. 

To find the perspecti/ve of a skeleton fov/r armed cross at the 
cent/re of a sguare; together with that of its shadow on the 
horizontal plane. 

1®. — PrelvmmaHes. Let the square, PI. VIIL, Fig. 69, be 
in the horizontal plane with its edges oblique to the ground 
line. Such a selection of methods is here used, that no hori- 
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zontad projection is necessary. The horizontal visual plane, 
revolved about the horizon . VBL, into the perspective plane 
(Prob. XXV.) is used as a plane of projection for the point of 
sight, and the construction of vanishing points. 

Now let et be the principal ground line, VH, as said, the 
horizon, E,E' the point of sight, shown as just described, and 
D a vanishing point of diagonals, E'D being equal to EE^ 
Also suppose E V and EV to be parallel to the adjacent sides 
of the square, then, these lines being also visual rays, V and 
V, their intersections .with the horizon, are the vanishing points 
of the sides of the square. Next make V8=VE, and ES wiU 
be the visual ray parallel to chords cutting off equal distances 
on the ground line and on lines parallel to VE, reckoning from 
their intersection, S is therefore the vanishing point of such 
chords. Likewise S' is the vanishing point of chords similarly 
related to lines parallel to EV. 

2°. — 2^ j>er8pective of the squwre. Let the distance of the 
centre, of the square from the line EE', be indicated at A, which 
thus becomes the intersection of the perpendicular, from that 
centre, with the ground line. AE' is the perspective of this 
perpendicular. Let AB equal the true length of AJ, or dis- 
tance of the centre of the square, back of the ground line, and 
B will be the trace of a diagonal through the original of 5. 
The perspective, BD, of this diagonal intersects AE' at 5, the 
perspective of the centre of the square. This done, VJc and 
Y'J6 are the perspectives of the two centre lines, parallel to 
the sides of the square. Then, by drawing S w, we find cm equal 
to the original of <?J, hence make mo=m7i=half the side of the 
square, and draw oS and wS, which will meet loV at O and N, 
perspective middle points of two sides of the square. Likewise 
draw S'Jp, giving ejp for the real size of ^5, then make^=j?^= 
rrm^ and g'S' and ^S' will meet ^V at Q and T, middle points 
of the other two sides of the square, hence VQ and YT, Y' O and 
Y'N are the indefinite perspectives of the sides of the square, 
whose intersections, F, G K, and I, are the perspective corners 
of the square ; of which F is before the perspective plane. 

3°. — The perypectwe of the aroaa cmd its shadow. A verti- 
cal line at h is the indefinite perspective of the vertical arm of 
the cross. To find its summit, dy draw m'e\ the trace of the 
horizontal plane through that point, to indicate its true height, 
then project up, into m^c\ any point of the ground line from 
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which a Kne rmiB through J tx) a known vanishing point. Thus 
project € at o\ and &Y will limit ^ at ^, as required. Or, pro- 
ject^, A, and m,BS shown, or B or ^, and^'S', A'E', w'S, etc., 
will all locate the eame point d. Suppose a?, the intersection 
of the arms, to be at five-eighths of the height Jc?, then, as id 
is vertical, ix equals five-eighths of M; also the height of 
B'c'', the tarace of the horizontal plane through a?, will be five- 
eighths of the height of mV above et. Hence project o at c", 
and &^Y will contain », and, supposing the horizontal arms to 
be equal and parallel to the sides of the square, project N at 
N', and O at O', on c'^, which completes the perspective of 
one arm. That of the o^oier arm is similarly found, having V 
for its vanishing point. 

The shadow is thus found. EH and ETR^ being the projec- 
tions of a visual ray of light, E and H are the vanishing points 
of rays, and of their horizontal projections, respectively. Then, 
for example, NH is the jperspective of the horizontal projection 
of the ray through Wy and N'E is the perspective of the ray 
itself. Hence n' is the perspective of the shadow of N'. In 
the same manner, all other points of Hie shadow are found. 

Fboblem LXXXI. 

To jmd the perspectwe of a skeleton pyramidy on a Uhe jpedr 
estalf also the jperspective of its shadow ^ on the pedestal 
and on the horizontal jplxme. 

1°. — The persfpecime of the pedestal. In this problem, we 
pass from horizontal and vertical lines, to oblique ones, and 
their shadows, but, as will appear, without necessarily employ- 
ing new constructions, though some will be used for further 
variety of illustration. 

Let N^, PI. Vin., Fig. 71, be the ground line, not translated, 
TdW the trace, on the perspective plane, of the plane of the top 
of the pedestal, and CD the horizon, with for the centre of 
the picture, D, for the vanishing point of diagonals, and there- 
fore CD for the perpendicular distance of the eye from the 
paper at C. 

AD'^TW. is a fragment of the plan of the pedestal, and M,.of 
a comer of the base of the pyramid. Now, beginning with the 
method of diagonals and perpendiculars ; D''i— A' is the perpen- 
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dicular, and Wg—Tc'g^ the diagonal from the upper corner D", h' 
of the pedestal. k'Q is the perspective of the perpendicular, and 
g'T>^ of the diagonal, giving D' for the perspective of D". The 
vertical support, AA', being in the perspective plane, there shows 
its full size, and A'D' is an edge of the plate of the pedestal. 
A'D', being produced to V, makes V the vanishing point of all 
lines parallel to AD''. Such a construction of V should, how- 
ever, have a check, and so, let B' and C be found, as D' was, 
from their horizontal projections, not shown, but which are the 
other comers of the square, of which AC is one side. Then 
B'C, produced, should contain V. Also A'B' and D'C, pro- 
duced, should meet the horizon at the same point. The linear 
supports of the pedestal, being vertical, will be vertical in per- 
spective (33—3°) and will be limited by the perspectives of 
either perpendiculars, diagonals, or lines parallel to AD", 
through their feet. Thus P is found at the intersection of DT, 
and g^P, the perspective of the diagonal, T>"g—kg^ through 
D",^, the projections of the foot of the support at D''. In like 
manner, B and C may be found. 

2°. — The perspectwe of the jfyramid. M, the horizontal 
projection of a comer of the base of the pyramid, is at the 
equal perpendicular distances. Mm and Mm'', from the sides of \ 
the square, and the other corners are similarly situated. Only 
the constraction of one is therefore shown. The perpendicular, 
M/i— 7i', and the diagonal, MN— /I'N', from M, meet the per- 
spective plane at n' and N', respectively, in the trace of the 
upper plane of the pedestal, WC and N'D are their perspec- 
tives, intersecting at M', the perspective of M. The other 
comers, E,r, and G, may be similarly found ; also EM and FG 
vanish at V. Finally, O being the centre of the square on 
AD", and the plan of the vertex, make O'O", drawn through 
O, equal to the height of the pyramid, and draw 0"0, the per- 
spective of the perpendicular, through the vertex. Then draw 
tiie diagonals FM and EG, not shown, of the base, and from 
their intersection, a?, a vertical line will be the perspective of 
the axis of the pyramid, which wiU intersect 0"0 at the per- 
spective vertex, V'. 

3°. — To find the shadows. R, the vanishing point of rays, 
and H, that of their horizontal projections, are taken beyond 
the limits of the plate to favor a clear display of the shadow. 
Let it be remembered that H is in the horizon, and the line 
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HE, perpendiculax to the ground line (Prob. LXXI.). Find, 
by a diagonal and perpendicular, the perspective of 0,t>, the 
centre of the upper base of the pedestal, and of 0,0', the centre 
of its horizontal projection. The former point is a?, above men- 
tioned ; call the latter x\ Then xSL wiU be the perspective of 
the projection of the ray through V upon the top of the ped- 
estal. V'R is the perspective of the ray itself, and therefore 
v' is the perspective of the shadow of V on the plane of the 
top of the pedestal. Join -w' with E, M, G, and F, by straight 
lines, and the portions of them, on the top of the pedestal will 
be the shadows of the edges of the pyramid upon that top, 
Eecalling the point »', we have a?'H, the perspective of the 
horizontal projection of the ray through V, meeting V'R at v, 
the perspective of the shadow of the vertex on the horizontal 
plane. Next, a ray through f^ where the shadow leaves the 
pedestal, will pierce the horizontal plane at f\ the shadow of 
the lowest point of FV, whose shadow falls on that plane. 
This point is found by dropping the perpendicular fe to meet 
BOV at ^, and drawing ^H, which meets yU at f^ observing 
that eS. is the perspective of the horizontal projection of fR. 
,Yfi& then the real portion of the shadow of VF upon the 
horizontal plane. The shadows of B' at J, of A', at a^ etc., are 
similarly found, by constructions like those of the two preced- 
ing problems, giving Aa for the shadow of AA',-etc. ; and ahcd 
for the shadow of the top of the pedestal. The shadow of A, 
where the shadow M'A leaves the pedestal, is then at h\ the 
intersection of the ray KR with cd, the shadow of CD'. By 
finding ahcd at first,/*' could have been likewise found as the 
intersection of y*R with ho. Finally vh' is the perspective of 
the real portion of the shadow of M'V' on the horizontal 
plane ; and corresponding portions of the shadows of V'E and 
VC might likewise be found. Only vh' and vf' would be real 
if the pyramid were solid. 

Peoblem LXXXII. 

To construct the, perspective of the shadows cast on^ a/nd 5y, a 
vertical cylindrical scroll^ the latter shadows foMmg on hori- 
zontal j>la/nes. 

1°. — The shadows on the horizontal jpla/nes. The construc- 
tion of the perspective of a vertical cylinder having been 
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already fully explained (Prob. XL.) the scroU A/B- A'FB', PI. 
VIII.5 Fig. 70, is assumed, with GL for the ground line, G'L' 
for the trace, on the perspective plane, of any horizontal plane 
intersecting the scroll, and HH' for the horizon. Take H as 
the vanishing point of horizontal projections of rays, and sup- 
pose the three sections, AB, a&, and A'B', of the scroll to be 
in parallel horizontal planes. The latter fact vnll appear by 
making 0,0 and C, the points of contact of the traces HO, He, 
and HO', of a tangent plane of rays on the three horizontal 
planes, all in the same vertical element 00'. Likewise, q^ q\ 
and Q, should be in the same vertical line, when Hg', Hj'', and HQ 
are the traces of the other tangent plane upon the three hori- 
zontal planes. Now, taking R for the vanishing point of rays, 
the perspective ray, O'R, meeting its perspective horizontal 
projection, OH, at c'\ gives 0<?" as the shadow of the element 
of shade, 00', on the horizontal plane containing A^B. Other 
points of the shadow of the scroU on this plane, may be found 
by the student, in the same way, as. shown at F", the diadow 
of F. 

2°. — To find the sTvadow of a seecmtj ST^ of the tipper hase^ 
upon the interior of the soroU. First, find the horizontal pro- 
jection, in perspective, of the secant, by projecting its intersec- 
tions, as P, with the upper base, into the lower base, as at j?, 
and join these points. Upon the line so found, project S, at ^, 
and T at tj giving st for the perspective horizontal projection 
of ST. Now, to find the shadow of any point, as M, upon the 
scroll, project M at tw., upon st^ and^mH will be the perspective 
of the horizontal trace of a vertical plane of rays through M. 
Such a plane will cut the scroll in an element, nN^ which meets 
the ray MR at N, the shadow of M. The rest of tHe construc- 
tion is left for the student to make. 

JRema/rh — The construction of the shadows Bi, AK, and yN" 
is the same as that of the shadow on the base and cylindrical 
part of a niche, cast by the front edge of the niche. 

Example. — Repeat this problem with vcmoua rdaime posi- 
tions of the rod cmd soroU^ so as to show distinct shadows on 
the exterior of the soroU. 
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Pboblem LXXXIII. 

To jmd the perspective of an a^ch-proJUey <md of its shadow^ 

hy the method of three plomes. 

We^\ PL XI., Fig. 78, is the principal gronnd line, Oe\ in 
the back part of the horizontal plane, is the ground line of the 
perspective plane. The given object, being a simple one, is put 
behind the vertical plane, and principal ground line, so that no 
translation of the perspective plane is required, as in previous 
cases, before revolution, in order to make the right of the per- 
spective, as at S, correspond with the right of the object, as F. 
E,E' is the point of sight, and E'E'' the horizon. AF is the 
plan of the object, located in respect to the ground line, Oe\ of 
the perspective plane, and with reference to the eye at E,E', 
looking towards that plane, and aiming to see, principally, the 
front of the object. The vertical projection of the arch is suf- 
ficiently indicated by the height of each point, on a line per- 
pendicular to the ground line We^^ through the plan of the same 
point. 

1°. — The perspective of the arch. The edge, A— OA', is in 
the perspective plane. Oe^ represents the vertical^ as well as 
horizontal trace of the perspective plane, and, as indicating the 
former, it is the axis about which that plane revolves into the 
vertical plane of projection. In this revolution, A revolves 
to a, and W,=OA', is the perspective of the vertical edge 
A-OA'. Next, B-B''B' is the left hand edge of the 
arcb. BE— B''E' and BE— B'E' are the visual rays from its 
extremities, and they pierce the perspective plane ^t'fyf^\ and 
ff\ points which revolve in horizontal ^<i^^ff"--f\ and 
ff'^—fh\ giving W for the perspective of the vertical line 
B— B^'''. The perspectives of all the other points being found 
in the manner thus explained in detail, it is only necessary to 
explain the projections of the arch curves. Conceive the arch 
to be revolved to the left, about the vertical edge B— B''B^, till 
parallel to the vertical plane, and suppose it to be an equilateral 
pointed arch, that is, let the span, BD, and the chords of the 
arch curves form an equilateral triangle. BD— B'D' will then 
appear at BD"-B'D''^ The line B'D''' is the vertical projec- 
tion of the revolved span ; then, with radius B'D''', and B' and 



128 LINEAB PERSPECTIVE. 

D''' as centres, describe the arcs meeting at C", and forming 
the revolved arch. Drawing the horizontal line C'C, and 
taking midway between B and D, we have C,0" for the sum- 
mit of the arch, and C,C' for the peak of the whole body ; 
points whose perspectives, found as before, are d' and c'. For 
an intermediate point, take g'"^ project it at g'\ counter revolve 
it to G,G' and find its perspective, ^, as before. Continuing 
thus, the whole perspective may be completed. 

2°. — To find the shadow on the Jwrizontal plams. First : from 
the projections of the shadow. The ray of light must be taken 
obliquely downward from the left, in reference to the plane 
which the spectator is facing, that is to the perspective plane, 
Oe'. Hence AM— A'M' is such a ray. It pierces the hori- 
zontal plane at M, the shadow of A,A'. Then, as for all other 
points thus far found, ME— M'E' is the visual ray from the 
point of shadow M,M' (M being also the point itself). This 
ray pierces the perspective plane at a point whose revolved po- 
sition is m, found as were other points, before. In like manner, 
all the points of the shadow might be found, but having re- 
volved the perspective plane, with the complete perspective 
figure, into the vertical plane of projection, we can recur to the 
usual method with two planes, thus : Second : to find the 
required shadow by vanishing points. The perpendicular 
visual ray meets the perspective plane at the point whose hori- 
zontal projection is e. Then make 0^''=0^, and draw the 
perpendicular to 00^'' through e'^ ; and make ^''E'''=E^, and 
project E'^' at E'' on the horizon, then E''',E'' will be the 
revolved point of sight. Knowing the direction of the light, 
the vanishing points of rays and of their horizontal projections 
can be found as in previous cases ; observing, that, as a revolu- 
tion of 90° has taken place, the horizontal projection of the 
ray will be perpendicular to AM. In case the projections of 
the light make the usual angle of 45° with the ground line, it 
Is obviously only necessary to make E''H=HIR=E^, to obtain 
E and H, the vanishing points of rays and of their horizontal 
projections. Having found these points, the shadow of any 
point, as c\ is at the intersection, o^ of the perspective ray c'dR^ 
and its perspective horizontal projection cK, 



J 



PSOBLEMS OF FOBMS ANP THEIB SHADOWS. 129 



Peoblem LXXXIV. 

To find the perspective of a squa/re piUar a/nd dbcums, a/nd of 
the shadow of the ahdcus upon thepiUa/r. 

V ,— The perspective of the object. Let AECD, PI. XI, Fig. 
82, be the plan of the abacus, after revolving the horizontal 
plane 180° (Prob. XXIII.) and let the face AB of the abacus 
be in the perspective plane. This face will then be its own 
perspective, as shown at A'B'aS. The concentric square, 
FGHK, is the plan of the pillar, E, the centre of the picture ; 
V, the vanishing point of diagonals ; E, that of rays, and P, 
that of their horizontal projections. 

Draw the diagonal OB. Its perspective, BY, intersects GTE 
and F'E the perspectives of the perpendiculars HG^ and KF', 
at g and Aj, the perspectives of G and K. Then, as FG and 
HK are parallel to the ground line, their perspectives will be 
so also, hence gf and M, thus drawn, will determine f and A, 
the remaining comers of the base of the pillar. 

Perpendiculars to the ground line, at f^ g^ A, and ^, will be 
the perspectives of the vertical edges of the pillar. They are 
limited by the perpendiculars through their uppermost points. 
Thus, project F^ at F^^, since the lower base of the abacus is 
horizontal, and F''E will be the perspective perpendicular which 
limits the perspective vertical edge, ff^ at f. Then fg'^ par- 
allel to the ground line, limits gg* at g\ and p'TE limits hk at h\ 
as gf'E is the perspective of the upper perpendicular, horizon- 
tally projected in HG'. 

Returning to the abacus, the diagonal BV meets the perpen- 
dicular AE at 0^ the perspective of the horizontal projection of 
the point C,A^ Then the vertical line cc' meets A'E, the per- 
spective of the lower left edge of the abacus at <?', the perspec- 
tive of the under corner, C,A'. Then cT>', the perspective of 
the lower edge at CD, limits BTE at D' and the short vertical 
line Wd limits 6E, which completes the perspective of the 
abacus. 

^^.—^To fimd the perspectwe of the shadow of the abacus 

upon the pillar. The edge AB— A'B' casts this shadow, and 

as this edge is parallel to the face of the pillar, its shadow will 

be parallel to the edge itself. Also as both are parallel to* thft 

9 
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perspective plane, the perspective of the shadow will be paral- 
lel to the shadow itself. Hence it will only be necessary to find 
one point of it. Any line as PQ, intersecting the pefrspedme 
of the hx/nzontal projection of AB— -A'B', that is, in this case, 
AB itself, and fg, is the perspective of the horizontal trace of 
a vertical plane of rays, which cuts from the edge AB— A'B' a 
point, Q', and from the face of the pillar, the vertical line qq\ 
The shadow, of Q' falls on qq^ at q'^ found by drawing the per- 
spective, QTEl, of the ray of light through Q'. T\xGnpq^n^ par- 
allel to the ground line, is the required • shadow of the abacus 
upon the pillar. 

Mema/rks. — a. A ray Er^, not shown, would intersect A'B' at 
the extreme right hand point on that edge, which would cast a 
shadow, 71, on the pillar. The shadow of the remainder of 
that edge to the right, falls on the horizontal plane. 

K Likewise, a ray Rp, not shown, determines the last point 
of B'A', towards the left, whose shadowy, falls on the front of 
the pillar. The remainder of this edge casts a shadow on the 
left-hand face of the pillar. 

c. If EP were greater than EV, it would be apparent, on 
making the construction, that a portion of the sha4ow of A!g^ 
would fall on the front of the pillar. 

d. Finally, if E were at the left of the pillar, the left side of 
the' pillar and the shadows upon it, would be visible. The 
student should, for practice, make the easy constructions indi- 
cated in these remarks.' 



Pboblem LXXXV. 

To jmd the perspectme of a cylinder^ which is dbUque to hoth 
pUmes of projection^ cmd of its shadow on its own interior, 
a/ad on the horizonioH pTxme. 

1°. — PreUminaries. Let the cylinder, PI. IX., Fig. 72, be 
inclined at the usual conventional angle adopted for the direc- 
tion of light, that is, let its axis make an angle of 35° 16' with 
each plane of projection. Then let OC, making an angle of 
45*^ with the ground line ZD', be the horizontal projection 
of this axis. Take KN', parallel to 00", for the ground line 
of an axmliary vertical plane, parallel to the. axis, and make a 
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right angled triangle CO'^'C'^ such that O'^'O" shall be equal 
to the hypothenuse of an isosceles right angled triangle, whose 
other sides, each, equal CO'. Then CO'" will make the given 
angle of 35° 16' with KN', and will be the auxilikry projection 
of the axis of the cylinder. Let the cylinder be limited by a 
circular right section, G'Q''', for its upper base, and by its ellip- 
tical horizontal trace, N'Q''^, for its lower base. The horizontal 
projection can now be completed by elementary operations not 
necessary to explain here. 

The ground line ZD', being secant to the horizontal projec- 
tion, shows that the perspective plane cuts the cylinder. But, 
remembering always that the perspective plane, being an imag- 
inary surface, in nowise affects the appa/r&rvt figure of a gwen, 
object^ seen from a giA)en point, the required perspective can be 
found as usual, only the perspective of the upper base will be 
larger than the base itself, it being, in this case, a section of the 
visual cone, made by a plane, further from the eye, than that 
base of the cylinder. This being understood, let Z'N'' be the 
ground line of the translated position of the perspective plane, 
E'D the new, and E^'S' the original projection of the horizon. 
E,E'' the real, and E,E' the translated position of the eye. 
Make ET)=E6'', and I) will be the vanishing point of diag- 
onals. Furthermore, the elements of the cylinder, being par- 
allel, will have a vanishing point, hence draw ED', and E^'V, 
at angles of 45° with the ground line, and make V'V (V not 
shown) perpendicular to the ground line, and equal to D'V, 
and V will be the vanishing point of the elements of the cylin- 
der, useful as a check upon the points, separately constructed, 
of the two bases. 

2°. — The general perspective of the cylmder. Having oopi- 
pleted the foregoing preliminaries, we proceed to the perspec- 
tive of the cylinder, and first will determine the extreme visible 
elements of its convex surface. To do this, find the elements 
of contact of two tangent visual planes. These planes will 
contain, in common, the visual ray EH— -E'^H', parallel to the 
axis of the cylinder, hence their horizontal traces, HP and HJ, 
will contain H, the intersection of this ray with the horizontal 
plane, and will be tangent to the base, MNQ'', of the cylinder. 

The elements, as PB, through P and J, will be the extreme 
visible elements, whose perspectives are the straight visible 
limits of the perspective of the cylinder, beginning near q^ and 
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T. Points in the perspectives of the bases may be found by 
any convenient method abeady explained. That of diagonals 
and perpendiculars is mostly used in the figure. Thus, the 
diagonal Q''*, and perpendicular Q''i, are in the horizontal 
plane, hence their perspectives are «'D and i'E', intersecting at 
j', the perspective of Q"Q"'. Again, taking a point B, on the 
upper base, and in front of the perspective plane, we first draw 
the trace, op\ of the plane of its diagonal and perpendicular, 
at a height above TJW equal J'B'. Then the diagonal, Bp, 
and the perpendicular from B, meet the perspective plane at j?' 
and {>, and Dp' and E'o' are their perspectives, which, being 
produced, intersect at J, the perspective of B. Other points 
may be similarly found. Points very nearly in the plane of 
the horizon, as c, can best be found by vertical visual planes 
and perpendiculars. Thus Ec' is the horizontal, and do the 
vertical trace of such a plane, through 0, and E'g' is the per- 
spective of the perpendicular from the same point, y being 
projected fi'om C, and at a height above Z'N'' equal to C'C. 
Then cd meets E'j', produced, at (?, the perspective of C. 

By finding, first, all the points, as u^ of the upper base, the 
corresponding points, as T, of the lower base will be at the 
intersection of either a diagonal, or perpendicular, or trace of 
a visual plane, with the elements of the cylinder, as i^V, drawn 
through the former points. Finally, the perspectives of tan- 
gents to the lower base and parallel to the ground line, will 
themselves be likewise parallel ; tangent perpendiculars will meet 
at EVin perspective ; and the vertical traces of vertical visual 
planes, tangent to that base, wiU be tangent to the perspective 
of the base, and will be perpendicular to the ground line. 

3°. — To find those points of the upper hase^ whose perspec- 
tives a/re the highest cmd lowest. These points will be the 
points of contact of the traces of two visual planes, upon the 
plane of the upper base, and containing a parallel to the ground 
line, through the eye. These traces will, in perspective, be 
horizontal tangents (Theor. IX.) to the perspective of the upper 
base. Now G'K is the auxiliary vertical trace of the plane of 
the upper base, and ZK, perpendicular to the ground line KN', 
is its horizontal trace, since the auxiliary plane of projection is 
made perpendicular to the plane of the upper base. Z is a 
point in the principal vertical trace of the same plane, and by 
making La' equal to La, we shall have the two vertical projec- 
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tions of the vertical line at L, in which the auxiliary and 
primitive vertical planes intersect, hence Ze' is the primitive 
vertical trace of the plane of the upper base. We have now 
only to find the intersection of the horizontal line, ES — ^E'^S', 
with this plane, and to draw from this point tangents to the 
upper base. A vertical plane through ES— E^'S' meets the 
plane e'Zt in the Kne ^S-^'S', parallel to Ze\ hence ES-E"S' 
meets the latter plane in S,S', from which the tangents, of 
which SF is one, determine the points, as F, whose perspectives, 
as aty,' are the highest and lowest. 

Hema/rk. — ^It thus appears that the highest and lowest points 
of the perspective of any section of the cylinder are not on its 
elements of apparent contour. Indeed the highest points, for 
example, of different non-parallel sections, will not be on the 
same element of the cylinder. Thus, the ellipse, IVy^', is the 
section of the cylinder, contained in the perspective plane, and 
is therefore its own perspective, and II', the point of contact 
of a horizontal tangent, is its highest point, which is seen to be 
on a different element from the one through F, or A" the re- 
motest limit of the lower base. The highest, or the lowest, 
points of two parallel sections, as G'Q' and G'^'Q'^', will, how- 
ever, evidently be on the same element. 

Finally, should it be desired to find the traces- of the visual 
planes, tangent to the cylinder, upon the plane of the upper 
base, it can be done as follows, d^WW^ is a visual plane, per- 
pendicular to the vertical plane, and W^d, its intersection with 
the plane, d'7M!\ of the upper base, meets the visual ray EH, 
common to the two tangent planes, at d" in horizontal projection. 
Then tangents from d" will have B, on the element from P, 
and the upper point of the element through J, for their points 
of contact with the upper base. 

4°. — To Jmd the j>ers^e€twe shades and shadows of the cyl- 
mder. And, first, the vanishing points of rays, and of the 
horizontal traces of planes of rays containing elements of the 
convex surface. Assuming ER''— E'^'R' for the direction of 
the light, R', its intersection with the perspective plane before 
translation, is the vanishing point of rays, appearing, after 
translation, at E, below Z'N'', a distance equal to R^W\ The 
ray of light, OX— O'X', pierces the horizontal plane at the 
point denoted by X, and XO'' is therefore the horizontal trace 
of a plane of rays through the axis ; a plane to which those 
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containing elements are parallel. But ETJ'—E'TJ is the visual 
pay parallel to XC, and it meets the perspective plane in the 
horizon (33—2°) at TJ, which is therefore the vanishing point 
of the required horizontal traces. Then UT and UT' are the 
perspective horizontal traces of two tangent planes of rays, and 
Tu and T'a?, which vanish at V, are the perspectives of the ele- 
ments of shade, whose shadows are the shadows of the convex 
surface of the cylinder. These shadows are the traces TU and 
T'U, limited at »' and u^ by the rays oiR and uR. Any secant 
plane, as UT, cuts two elements, Yy and Ww^ from the cylin- 
der, giving Ww^ limited by the ray loR^ for the shadow of 
"Ww, Also if the ray yR intersects Ww^ as in this case it 
happens to just at W, the latter point is a point of shadow cast 
on the interior of the surface, if hollow, by the opposite point, 
y, of the upper base. 



THEOREM XXIL 



The jperapectives qf the elements of apparent contour of a cylin- 
der ^ wiU he tcmgent to the perspectives^ of its plane sections / 
hut win he so at the ext/remit^ of a/n aadsj only when the 
aods of the^cylmder is paraUd to the perspective plane^ cmd 
in a visual plane perpendicular to the perspective plane^ 
and when the planes of the sections are perpendicular to the 
latter plane. 

Figure 13 will assist the imagination in representing to itself 
the statement of the following demonstration. 

Conceive two visual planes, tangent to such a cylinder along 
its elements of apparent contour, E and E^ These elements 
will be in a plane parallel to the perspective plane, FQ; Hence 
when the visual plane containing the axis, is situated as de- 
scribed, any plane, perpendicular to it, and cutting the cylin- 
der, will cut from the plane of the elements of contact E and 
E', a chord, 0, of the section, which will be parallel to the per- 
spective plane, and perpendicular to the elements E and E'. 

But the chord and these elements, all being parallel to the 
perspective plane, their perspectives will be parallel to the lines 
themselves, and will consequently have the same relative posi- 
tions as those lines. Kow the parallel perspectives, e and e'y 
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of E and E' bound the perspective of the convex surface ; and 
henoe are ixmgent to the perspectwes of aU its curved sections, 
and the perspective of is perpendicular to e and e\ and is a 
chord c of the elliptical perspective, «, of the section S. But 
when the tangents at the extremities of this chord, c, of an 
ellipse, are parallel to ea>ch other and perpendicular to it, that 
chord is no other than an axis of the ellipse s. 




Pig. 13. 



Finally, 1. If the aayis of the cylinder were oblique to the 
perspective plane, the traces of the tangent visual planes, being 
no longer parallel, would not be parallel tangents to the per- 
spectives of sections of the cylinder. 

2. If the plane of the section, S, was not situated as described, 
the chord would not be perpendicular to E and E', and hence 
its perspective, c, being parallel to C would only be a diameter, 
but not an axis of s. And — 

3. K the axis of the cylinder were not in the perpendicular 
visual plane described, the plane of E and E' would no longer 
be parallel to the perspective plane ; hence the perspectives of 
the chords, C, of plane sections of the cylinder would not as 
before be parallel to the chords themselves, and so, not perpen- 
dicular to e, and e\ 

But the three last suppositions embrace all the distinct 
changes possible in the conditions of the theorem. Hence the 
theorem is true, as stated^ for those conditions only. 
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Peoblem LXXXVI. 

To find the perspective of a cons^ hearing a horizontal quarter 
squa/re at its vertex ; of the shadow of the square on the cone^ 
of the cone on itself amd of "both on the horizontal plane. 

1°.^ — Tojimd the perspective of the cone amd plate. We will 
again employ, chiefly, the method of diagonals and perpendicu- 
lai^, with the perspective plane translated forward before revo- 
lution. The circle with radius VA, PL IX., Fig. 73, is the 
horizontal projection of the cone, and FVE, that of the quarter 
square, of which the part AEm' is in front of the perspective 
plane. J'A' is the translated ground line ; C, the centre of 
the picture ; D, beyond the plate, the vanishing point of diag- 
onals, and C, the station point C'C being equal to CD. Also 
V is the vertical projection of the vertex, and V'F' that of the 
quarter square. The perspective of the base requires no un- 
usual operations to construct it. The determination of only 
one of its points, J, is therefore shown. B is the original of 
this point, the perspective of the perpendicular from which is 
B'C, and that of the diagonal, Bm', is m''D, meeting B'C at 
h. The. perpendicular from the vertex meets the perspective 
plane at V, and the diagonal, Vm', at the point between Tc and 
I. The perspective, Y'C', of the perpendicular meets that of 
the diagonal at -y, the perspective, therefore, of the vertex VV. 
The line VF, being parallel to the ground line, its perspective, 
vf^ is parallel to it also, and is limited by F'C, the perspective 
of the perpendicular from F. The line VE, itself, is the per- 
pendicular from E, and its perspective is drawn through C^ and 
v^ and is limited at e by en'Y)^ the perspective of the diagonal 
Ew/— Y^T^'. Thus eof is the perspective of the quarter square. 

2°. — To fimd the intersection of the ray throu^gh Vj T^, with 
the horizontal plo/ne and with the vertical plane through EF* 
The ray, VS — ^V'S', pierces the horizontal plane at a point 
readily found, and indicated by S. Then SP V, is a vertical 
visual plane, from SS', whose horizontal trace, SP, contains C, 
and whose vertical trace, PV^', meets the perspective perpen- 
dicular S'C, at V, which is the perspective of the intersection, 
S,S,' of a ray of light through the vertex, with the horizontal 
plane, that is, V is the perspective of the shadow of V,V' on 
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that plane. Again ; the ray SV— S'V meets the vertical plane 
through FE in the point NN', whose perspective, here found 
by a diagonal and perpendicular, is V'. This done, all lines 
through V are perspective horizontal traces of planes of rays 
through the cone's vertex, v / and all lines through V^'' are 
traces of the same planes on the vertical plane through ef. 

3°. — To jimd the shadow of EF upon the cone. In this con- 
struction, we may either find a point of shadow of Bovne point 
of EF upon a gwen dement of the cone ; or of a gi/oen point 
of EF upon some element of the cone ; or the point of shadow 
determined by a given pl/me of rays. 

The tangents, VjG, and "V'TM, are the perspective hori- 
zontal traces of tangent planes of rays, and therefore determine 
the elements of shade, g*y, and T'», of the cone. Then, to pro- 
ceed, find c, the perspective of the centre, V,A', of the cone's 
base, then (f\ equal and parallel to vf^ is the perspective hori* 
zontal projection of vf^ that is, of YF, Also m^ being, in 
space, the perpendicular, VF— V, we have cA', limited at ^ 
by the line ee'^ perpendicular to the ground line, for the perspec- 
tive horizontal projection of ve. Heuce ef is the perspective 
horizontal projection of ef^ which, being, here, a diagonal, ef 
would vanish on the horizon, to the left of C by the distance 
CD=CC^ Now drawing V'^'G and V'M, we have the per- 
spectives of the traces, on the vertical plane through ef^ of the 
planes of rays tangent to the cone, therefore gm^ the portion 
of ef between these traces, is the portion whose shadow falls 
on the cone. The elements of contact, qv and T-y, of these tan- 
gent planes are met by the rays ^K and ttzR, at g' and m', the 
extreme real points of shadow. Similarly, the point of shadow 
is found on any particular assumed element. Thus, to find the 
shadow on the extreme element rv, through t draw Y^'rf for 
the perspective horizontal trace of the plane of rays containing 
this element, yV' is the trace on the plane V'GrM, and o is 
the point cut from ef by this plane. The ray 6K then cuts the 
element ry, at o' the required point of shadow, and, in this 
case, the visible limit of the shadow. Again, to construct the 
shadow of a given point as A, draw the vertical trace V'H of a 
plane of rays through A, and HY'', the horizontal trace of the 
same plane, will determine the element <fo, which is met by the 
ray hR at h\ the shadow of h. Lastly, assuming the traces as 
VTBl and V'K of any plane of rays through Vy we determine 
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by the former trace the element A'^y, and by the latter the 
point Tt^ then the ray iR intersects A't; at h\ a point of shadow. 

4°. — Ths shadow of the cone on itself and of the cone amd 
quarter square of ihe horizontal pla/ne. These can now both be 
found in a moment. Suppose the quarter square, and the part 
of the cone above the shadow just found, to be removed, then 
the portion, g'h'm\ of the upper edge of the remaining frus- 
tum, will east a shadow on the opposite interior surface. Thus, 
any plane of rays, as VH, cuts the frustum in the opposite 
elements, dh' and^, and h'y the uppermost point of the former, 
casts a shadow on the latter at h'\ its intersection with the ray 
A'R. As before, we can begin with a gi'oen dement^ to receive 
a point of shadow ; a gi/oen jpoint casting a shadow ; or a gi/ven 
pkme of rays, containing both a point of shade and an ele- 
ment. This shadow of the cone on itself begins at g^ and m\ 
on the elements of shade, which, being in tangent rays, are 
where points casting shadows unite with their own shadows. 

Again : produce the ray from m to the trace VM of the 
plane of rays through it, and M' will be the shadow of m on 
the horizontal plane. Now EV, being a perpendicular, its 
shadow is one also, hence C'Y'' , produced, and limited by the 
ray <?E, gives Y"W\ the shadow of VE ; and M'E'', the shadow 
of me. Also V'F'^, parallel to vf and limited by the ray/R, 
is the shadow of vff then the portion of M'F'' outside of 
V'g', is the remainder of the shadow oi fe on the horizontal 
plane ; and YV'^q is the shadow of the cone on that plane. 
VT" and V'E'', by being wholly exterior to the latter shadow, 
indicate that vf and ve cast no shadow at all on the cone. 

Bema/rlc. — The extent of the visible part of a conic surface 
of revolution, depends on the relative distance of its vertex, 
and the eye, from the plane perpendicular to its axis. Thus 
in Fig. 73, if the eye were at the sa/me Jieight as the vertex^ just 
half the cone would be seen ; if it were ahove^ more and more, 
and, finally, the whole, would be visible, and if it were hdow^ 
less would be seen. 

This statement can be readily modified in any given example 
to suit the case of any oblique cone. 
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Problem LXXXVII. 
To find the Mique per»pectvoe of a rn/mwmewtal arch. 

Let the perspective plane, PI. X., Fig. 78, be translftted 
backward, from its first position, at FG, to the new position 
F'G' ; let ADBC be the plan of the arch, and ahcd^ of the 
archway. E and E' are the projections of the point of sight 
upon the perspective and horizon planes ; E'^ is its projection 
upon the horizontal plane of projection. EV and EY„ drawn 
parallel to AB and AD, determine • V and V,, the vanishing 
points of the latter lines and of all parallels to them. The 
arc EV„ being drawn with V as a centre, the chord EV, ii the 
visual ray parallel to the chord, Bw, of the arc Bm, whose 
centre is A ; hence V, is the vanishing point of Bm, and of all 
parallels to it. 

1^ — To find the perypectmea of all the straight edges of the 
a/rch. The vertical edge at A, being in the perspective plane, 
is its own perspective, shown at A'A'', which, in practice, 
would be laid down in its proper size, according to the scale of 
the plan. A'Y and A'Vj are then the indefinite perspectives 
of AB and AD ; they are limited, the former at B' by mTST^ 
the perspective of the chord Btti, and the latter at D', by F'V, 
the perspective of CDF. Then B'V, and F'V meet at 0' the 
remaining external angle of the base. Drawing the arcs aq 
and Jm^ with A as a centre, and translating q and n to q^ and 
n\ we find q'Y^ and ti^'Y,, which intersect A'B' at a' and V^ the 
perspectives of a and h. Otherwise, as shown at a\ the per- 
spective, rE', of the perpendicular ar^ meets A'B', or $''Y„ at 
a'. And once more, as shown at h\ (h is produced to G, which 
is translated to G', whence G'Yj is the indefinite perspective 
of cJ, and determines both V and c^ The point d' may be 
similarly found. At the seven points now found, besides A', 
erect vertical Knes, and limit D'D^' by A'% ; B'B'', by A''Y„ 
and Qi'Q", if shown, by D"Y or B''Y,. Let AV be the height 
of the vertical part of the archway, then o'Y limits the ver- 
ticals, a^a^' and VV\ at a" and V\ it being the perspective of 
a line in the face of the arch and parallel to the base line AB, 
Finally a"N^ and VN^ limit the verticals, o'c" and d'd", at d' 
and d" / which step completes this branch of the problem. 
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I 2°. — To find the general perspectwes of the arch ctcrves. 

\ Conceive the face of the arch to be revolved about A— A' A'' as 

j an axis, and into the perspective plane. The centre, ^, of the 

i front arch line, then describes the arc eOj in the horizontal 

plane t>'M, giving O', projected np from Oy for the revolved 
centre, and the semicircle MLN", with radius equal to ae, for the 
revolved face line of the arch. Now let L be any point of the 
face line. It is also evidently the intersection of a chord paral- 
lel to Bm, from the original of L, with the perspective plane, 
hence LV, is the perspective of this chord. Also, drawing LZ, 
parallel to the ground line, TV is the perspective of the original 
of J2y and L', the intersection of IV and LV,, is the perspec- 
tive of L. The corresponding point in the rear face line, od, is 
* on LV, and may readily be found, as shown for the point d^\ by 

a construction similar to o'o"V ^ and o"d"^. 

3°. — To fi/nd particvZar pomts in the perspectives of the 
face lines. 

L To find the perspective of the highest pointy K, whose 
horizontal projection is e. Drawing the horizontal tangent 
KK' (not shown), the point K' is the intersection of this tan- 
gent with the pei'spective plane, and is, therefore, one point of 
its perspective, K'V. The perspective of K, would be the 
intersection of K'V with the perspective KY„ of a chord in 
the system parallel to Bm/ or with the perspective (not shown) 
of the perpendicular at ^, considered as in the horizontal plane 
KK^ But again, the point is thus found in the figure : trans- 
lating e to e\ we have e'YI the perspective of the perpendicular 
ee' f and e"y its intersection with A'B', the perspective of e; 
then 6"Yj determines the corresponding middle point, y, of the 
rear base line dd'. Now a vertical line, ^'V, is the centre line 
of the front of the arch, and gg' that of its rear ; the former 
meets K'V at e"\ the perspective of the highest point of the 
front curve; the latter meets TcV — ^found by first drawing K'Vj 
at g\ the perspective of the highest point on the back curve. 

2. To find the point at which ^^i'^ perspecti/oe tangent is hoH- 
zontoL. This will be the point of contact of a plane containing 
a visual ray, EI— E'l', parallel to the ground Uiie. The trace 
of this plane on the face of the arch, will contain the point 
where EI— E'l' pierces that face, which is I ; since A'^'I is the 
trace of that face on the horizontal plane containing EE'. Re- 
volving the plane of the face about A— A' A" as before, I 
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appears at I', and I'T is the revolved trace required, giving T 
as the revolved original of the desired point. The point T" 
of this trace is fixed and is one point of the trace, T''T', which 
is horizontal, on the perspective plane. T', the perspective of 
T, is now at the intersection of T''T' with ^V the perspective 
of Ti^, a horizontal line in the front face. The corresponding 
rear tangent can now be immediately fonnd. 

3. To find the highest visible element of the cylindrical sur- 
face of the arch, supposing it to be visible. This line is the 
element of contact of a visual plane, perpendicular to the face 
of the arch, and therefore containing the visual ray EE^ wljose 
revolved position is E, in vertical projection; and which is per- 
pendicular to the plane, A'^'I, of that face. E,J is the revolved 
trace of this visual plane, and J is the revolved position of the 
fi*ont end of the element sought. In the counter revolution of 
the arch face about A— A' A'', the point J, whose horizontal 
projection is^, returns ioff^; and the perspective perpendicu- 
lar, y^E^, meets the perspective, jY^ of the horizontal through 
J, at J^, the perspective of J, so that J'Vj is the perspective of 
the element required, and is tangent to both the front and rear 
arch curves. Having now, in all, five tangents to each arch 
curve, with the point of contact of each, besides the point L^, 
the curve can be accurately sketched. 

4°. — To find the shadow of the archway v/pon itself. This, 
to avoid too much complication of lines, is the only shadow 
here found. Let H be the vanishing point of horizontal pro- 
jections of rays and E', that of rays themselves. First, a'H 
is the perspective horizontal trace of a vertical plane of rays 
through a'a'\ and the vertical line at U is its trace on the 
opposite side of the archway, and is the indefinite shadow of 
a' a". This shadow is limited at TJ' by the ray whose perspec- 
tive is a'^'. Above U' the shadow is cast by the curve 
a"i'V' / and its limit will be at the element of contact of a 
plane of rays tangent to the cylinder of the arch. The trace 
of this plane on the arch face will contain the projection of 
R'R upon the face AB of the arch, since the plane of rays is 
perpendicular to that face. E' whose horizontal projection 
is E, is projected on the plane AB, at PP^, found by drawing 
the horizontal EP, whose vertical projection is ET^, perpen- 
dicular to AB. The vanishing point of the perspective of this 
trace will be the intersection of a visual ray parallel to it, with 
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the perspective plane. E'^S, parallel to AB, and ETl, parallel 
to E'^'T'— found by projecting E''E' upon the plane AB at 
jj/z/jj//// — axe the projections of this ray, which therefore pierces 
the perspective plane at E,, the required vanishing point. 
QR, is now the perspective of the trace described, and Q is the 
extremity of the shadow sought. Any secant, as ^''•''E^, is the 
trace of a plane cutting a point, e"'^ from the arch line, and an 
element L'Vj (L' being here confounded with the perspective 
of L) from the cylindrical surface. Then S, the intersection 
of this element with the ray ^'^'R', lying in the same plane of 
rays with L'Y^, is the shadow of e"'. Any other intermediate 
points could be found in like manner. 

Example. — Find the perspectime of the frustrum of a 
quad/rcmgvla/r pyramid^ with a jprogecpmg droida/r tablet on 
each face / and the perspectives of its shadows. 

Peoblem LXXXVIII. 

To find the perspective of the shadow cast hy the vertical great 
circle^ parallel to the perspectwe plane^ of a hemisphere ^ upon 
the visible interior of the surfa^. 

This problem is an extension of that topic in the problem of 
the niche, which treats of the shadow on its spherical part. 

Let the vertical great circle EG— F'CG'L, PI. XI., Fig. 81, 
coincide with the perspective plane ; let E be the centre of the 
picture, D and D' the vanishing points of diagonals, and DD' 
the horizon. The points of shadow may be classed as general 
points, and particular points, the latter being located on pre- 
assigned circles of the sphere. The former points may be 
very conveniently found from their projections. 

1°. — To FIND POINTS, IN GENERAL, OF THE SHADOW. 

1. By the method of projections of the point. Let EE be 
the vertical projection of tiie visual ray of light, and E the 
vanishing point of rays. Then a<i\ for example, parallel to 
EE, is the vertical trace of a plane of rays, cutting the hem- 
isphere in a small semicircle, whose vertical projection is the 
chord aa\ Now if this plane be revolved to the left into the 
vertical, i. e. the perspective plane, the semicircle, being behind 
the latter plane, will appear to the right, of the axis aa\ as at 
dba\ The parallel plane, with EE for its trace, being similarly 
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revolved, E, being in front of the perspective plane at the dis- 
tance ED', will appear at E' by making EE' perpendicular to 
EE, and equal to ED'. Then E'K is a ray of light, when 
revolved into the perspective plane. Hence aJ, parallel to 
E'R, is the revolved position of a ray in the plane aa\ and 
J, that of a point of shadow. In counter revolution h returns 
in an arc whose projection, W, is perpendicular to (ia\ and is 
found at V. The line W is also the revolved position of the 
perpendicular from the point of shadow, and which pierces 
the perspective plane at V. Now J'E, the perspective of this 
perpendicular, contains the perspective of 5', and sowdoesaK, 
the perspective of the ray through a^ the point whose shadow 
is Vy hence V'^ the intersection of S'E and aSi^ is the perspec- 
tive of V. 

2. By (mxUia/ry shadows. Another method for finding any 
point of the shadow, is by an application to perspective con- 
structions of the beautiful method of single auxUia/ry shadows. 
Thus, the shadow of the vertical front circle, upon any plane 
parallel to it, will be a circle, and the intersection of this shadow 
with the circle cut by the parallel plane from the sphere, will 
be a point of shadow on the spherical surface. To find the 
perspective of the latter circle first find that of the horizontal 
semicircle FKG — F'G'. This is conveniently done by diag- 
onals and perpendiculars. Thus, O'E is the perspective of the 
perpendicular from K,0', and F'D, that of the diagonal, giving 
F", the perspective of K,0'. Again, A'E is the perspective 
of the perpendicular from any point, hh\ whose horizontal pro- 
jection, and diagonal, by the method of (Table IV. — 3°) would 
be ^", and K^q, The perspective of h'^q is y'D, which meets 
i'E at h"\ the perspective* of kkf. Other points being found 
in the same manner, and joined, F'F"A'"G' is the perspective 
of the given semicircle. Now assume any chord, ri'", parallel 
to F'G', and on it as a diameter, describe a circle which will 
be one, cut from the spherical surface by a plane parallel to the 
front circle. The perspective of the shadow of F'O', on this 
plane, will be the radius of the perspective of the shadow of 
the front circle on the same plane, then draw F'K and O'E, 
and, observing that s is the perspective of the projection of O' 
01^ the parallel plane, draw su'^ parallel to EE, and it will be 
the perspective of the projection of O'E on the parallel plane ; 
since this projection is parallel to the perspective plane, and 
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therefore to its own perspective, sful meets CE in u\ the per- 
spective of the shadow of O', hence u^u^ parallel to F'O' and 
limited by F'E, is the perspective radius of the shadow TJ'wI, 
which meets 1c^"ul^ contained in the same parallel plane, at TJ 
and I, two points of the required shadow. 

2°. — ^Partioulab points. 

L In given jplcmea of rays. Among these are the following. 
The shadow on the great semicircle cg\ which is in a plane of 
rays. This point, whose revolved position is rf, vertical projec- 
tion, d\ and perspective, d'\ presents no peculiarities except 
that the revolved position of co\ it being a great circle, coin- 
cides with Gk.&. We pass therefore to the shadow on the small 
circle projected in ee\ and which is contained in the visual plane 
of rays of light, ^ER. Here the perspectives, /^E, of the per- 
pendicular, revolved at ff / and ^R, that of the ray from e^ 
the point casting the shadow, "feoincide, and some other auxil- 
iary line must be used. But the shadow, f\ is behind the 
perspective plane at the distance /y^', as seen at /*, in the plan, 
hence a diagonal through it would pierce the perspective plane 
at g^ found on the horizontal liiiQfg^ at the distance ff from 
f. The perspective, yD, of this diagonal, meets ^^E at f"\ 
the perspective oi ff\ 

2. Other parti(yula/r points. First; the point on the vertical 
great circumference E'AL. These are merely the points of 
contact, A and B, of vertical projections of rays tangent to 
the sphere. AB is the common diameter of the two great 
circles, F'AL and the circle of shadow, cut from the sphere by 
the cylinder of rays whose given section, or base, is F^AL, and 
all of whose elements are secants of the sphere save the two 
which are tangents at A and B. 

Second ; to find the points on the horizontal great semicircle 
FKG — F'G'. We begin a first method by finding the projec- 
tions of this point. Now AB may be regarded as the trace, on 
the perspective plane, of the plane of the circle of shadow, and 
d' being the vertical projection of a point of this shadow, d'd^ 
parallel to AB, represents a line of this plane of shadow, par- 
allel to its vertical trace. The horizontal projection, j?p", of 
this line will therefore bo parallel to the ground line, at a dis- 
tance, d'dy back of it, equal to that of the point d' back of the 
perspective plane. This line (a little misplaced in plan, in this 
figure, to avoid that confounding of points which so often 
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occurs in complex figures) pierces the horizontal plane, F^G\ at 
p\ which is horizontally projected at p, and is a point of the 
trace of the plane of shadow on the plane F'G'. But 00', 
where the vertical trace AB meets F^G' is another point of 
this trace, hence Qp is the trace of the plane of shadow on the 
plane F'G' ; and TT', its intersection with the semi-circumfer- 
ence FKG — F'G' is the point of shadow itself, whose perspec- 
tive can at once be found, at t, by a diagonal and perpendicular 
(not shown). 

A second method of finding t^ is by purely perspective con- 
structions, without recourse to its projections. Thus, through 
any point, as U, on a known circle parallel to the front one, 
draw Uy parallel to AB, and it will be the perspective of a 
line of the plane of shadow, parallel, really, and in perspective, 
to AB, and being in the plane of the small circle ^''TJI, will 
meet the plane of the semicircle FT^'G', in rh'^\ at y. Then 
O'y (not shown) is the perspective of the trace of the plane of 
shadow on the plane of FT''G', hence ^, its intersection with 
the latter curve, is the perspective of the point of shadow on 
that semicircle. 

Third; to find the point on the great semi-circumference, 
OK — ^LO'C. This point will be, as in the last topic, the inter- 
section of the trace of the plane of the circle of shadow on the 
vertical plane OK, with the given semi-circumference. But 
00' is a point of the trace of the plane of shadow on any 
plane through 00', and a line joining any point of AB, as. 
mm\ with any point of Oj>^ B/Ajpp'^ will be a line of the plane- 
of shadow, meeting the plane of OK — LO'C in a point, tw*',, 
of the desired trace. Revolving rm' to NN', about a vertieal 
axis at O, we have N'O' as the revolved position of the trace^ 
in question, and P, the revolved position of the required point 
of shadow. A diagonal through the true position, on LC, of 
P, would obviously meet the perspective plane at P, and PD 
would be its perspective. PD meets O'E, the perspective of 
the perpendicular through the real position of P, at P', which-, 
is the perspective of the required point on OK — LO'C. 

Example. — Fmd the lowest point of the shadow^ that is, the 

point of contact of a tangent whose perspective shall be parole 

lei to the groxmd Une. 

10 



146 LINEAR PEBSFEOnyiC. 

The General Problem of the Sphere. 

Problem LXXXIX. 

To find the perspective of the sphere^ and of its curve of shade^ 
wJien its centre is at the centre of the picture. 

1°. — To define the preliminaries^ am.d fi/nd the perspecti/oe of 
the sphere. Let S, PI. XII., Fig. 83, be the centre, and S^ the 
radias of the given sphere. Then the great circle, with this 
centre and radius, is the intersection of the sphere with the 
perspective plane, and is its own perspective. Let SD be the 
horizon ; D, the vanishing point of diagonals ; S, the vertical 
projection of the point of sight, and VR the vertical trace of a 
plane of rays, perpendicular to the perspective, or vertical 
plane, and which we will call the perpendicular plane. Also 
ME, perpendicular to YR, is the vertical trace of a plane of 
rays perpendicular to the former one, and also of the plane 
of the curve of shade. Now, revolving D to E, with the 
centre S, gives E as the point of sight, after revolution, about 
VE, into the perspective plane (51) and makes YK represent 
the perspective plane, made perpendicular to the paper. Then 
EP#', tangent to the vertical projection S — spt of the sphere, is 
an element of the visual cone, in the plane of the paper ; and 
S«' is found as the radius of the perspective, «T'T, of the 
sphere. 

2°. — To fi/nd the axes of the perspecti/ve of the curve of 
shade. In order to render more manifest the independence 
of this construction of that of the other points of this curve, 
it is given before the construction of the latter points. 

JPirst : To find the c(mjugaU axis. 

Let GL, Fig. 84, be the ground line, and RL and E'L, a ray 
of light. Eevolve this ray about its own vertical projection, 
E'L, and into the vertical plane, when E'E'' will be equal to 
GE, and E''L will be the revolved position of the ray. Let 
the light in Fig. 83, be parallel to E'L— EL, then SE and E'L' 
will be parallel, and so will EE and E''L, and E, Fig. 83, will 
be the vanishing point of rays. Now, the circle with radius 
8s, is the revolved position of the one whose vertical projection 
is sSt. Drawing tangents— not shown — to this circle, and par- 
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allel to EE, we have A and B, the revolved positions of points 
of shade, a and 5 are their primitive positions. Then, ob- 
serving that Act is the perpendicular distance of a, in front 
of the perspective plane, that i^ of the paper, A' is the inter- 
section of a diagonal, through a, with the perspective plane. 
A^'D is the perspective of this diagonal, and aS, that of the 
perpendicular through a. Hence a* is the perspective of ^, 
and is one extremity of the conjugate axis. 

The perspective, h\ of J,B, is similarly found. B may be 
found from A, by a diameter AB, without drawing a tangent 
atB. 

Second: To find the traiisverse aods. 

Bisect the conjugate axis, a^h\ at rf, and XT, perpendicular 
to a'J', will be the indefinite transverse axis. To find its ex- 
tremitie's, conceive the point of sight to be projected upon the 
plane of shade, and tangents to be drawn from the point thus 
found, to the circle of shade. The projecting line of the point 
of sight will be in the perpendicular plane YR, which is per- 
pendicular to the plane of shade ; hence the chord of contact 
of the two tangents will be perpendicular to the trace VE ; 
also, as those tangents were drawn fi"om a projection of the 
point of sight they intercept the chord whose perspective will 
be the longest line in the perspective of the circle of shade ; 
that is, its transverse axis. But the plane of shade is perpen- 
dicular to the direction of the light, and ER is the revolved 
position of the ray of light SR, passing through the eye. 
Hence S^, perpendicular to ER, is the revolved position of the 
intersection of the plane VSR with the plane of shade, and is 
the distance of the projection, o, of the point of sight, E, upon 
the plane of shade, from the centre of the sphere. Hence, to 
avoid drawing another diameter, transfer So to So\ and draw 
the tangent o^pj when j5? will be the extremity of a chord per- 
pendicular to SE, and equal to the one whose perspective is 
desired. Finally, draw the visual ray Epj', which, as VR 
represents the perspective plane, when E represents the point 
of sight, gives Sy, equal to the semi-transverse axis required. 
Then lay off Sq each way from dy as at X and T, and XT will 
be the transverse axis of the perspective of the curve of shade. 

3°. — To jmd amy other points of the perapectwe of the curve 
of shade. 

First Method. By secant planes, and tangent rays. 
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The simplest conception of a point of shade upon a surface, 
is, that it is the point of contact of a ray of light with that 
surface. -We shall now find the perspectives of points of shade 
thus constructed. Thus, FL i^the rertical trace of a plane of 
rays perpendicular to the vertical plane, and the vertical pro- 
jection of the small circle, cut from the sphere by that plane. 
Then the circle, partly shown, on FL as a diameter, is that 
small circle, revolved into the vertical plane, and the tangents 
to it at F' and H, and parallel to the revolved ray of light ER, 
give F'j and'H^ as revolved points of shade. In counterrrevo- 
lution, these points return -to f and A, and these being their 
vertical projectiom,/S, and AS are the perspectdvee of the per- 
pendieulsrs through them. Eeturning to the tangent rays, at 
F' and H, these pierce the perspective platie at G and K, in 
the Irace, FL, of the plane which contains them. Hetice GR 
and KR, drawn to R, the vanishing point of rays, are thdr 
perspectives ; which intersect the perspective pei^ndicnlarsj 
/Sand AS, aty* and A', the perspectives of the points,/ and Ay 
of the curve of shade. 

Any number of points could be found, as just explained^ 
M and N, the extremities of the diameter, MN, of the curve 
of shade, in the perspective plane, and perpendicular to the 
projection SR of the lightj are their own perspectives. 

Second MeOwd: By right angles inscribed in small semi-* 
circles whose diameters are traces of planes of rays, one side 
of the angle being the chord of the angl& between the plane 
of shade and the vertical plane of projection. 

Let the application be to any small circle, PQ, whose re- 
volved position is PIQ. As already seen, AB, perpendicular 
to ER, is the revolved position of that diameter of the circle 
of shade, which lies in the plane YSR ; hence BSR is the true 
size of the angle made by the plane of shade with the vertical 
plane, and BHs its chord. Hence drawing the diameter UI, 
parallel to AB, in the circle on PQ, the angle QDI equals 
BSR, and QI is its chord. Also I is a revolved point of shade, 
as is U, likewise. EO, parallel to QI, is the revolved visual 
ray which meets the perspective plane at O, the vanishing 
point of all parallels to itself. Hence OQ is the perspective 
of IQ, and contains the perspective of I. Again, IP, the other 
side of the inscribed right angle PIQ, meets the perspective 
plane at P, and EV, parallel to it meets RSV, in V, the van- 
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ishing point of IP, and of all parallels to it. Hence VP is 
the perspective of IP, and meets OQ, both prodiiced, at i, the 
perspective of I. Likewise VQ, the perspective, of VQ (not 
shown) meets OP, the perspective of UP, at u^ the perspective 
of U. 

This method does not apply to the great circle «^, since the 
vanishing points, O, and V, and the points to be found, a' and 
h\ are all in the same line. The latter points are therefore 
found by diagonals and perpendiculars, as before explained. 

The tangents from R to «'T'T, the perspective of the sphere, 
are th« traces, on the perspective plane, of planes of rays, tan- 
gent to the circumscribing visual cone which Is tangent to the 
sphere. Hence these planes are tangent to the sphere, in points, 
which are points of shade ; and their traces are tangent to the 
base of the cone. But this base, being the intersection of the 
cone with the perspective plane, is the perspective of the sphere, 
hence those traces are tangent to the perspective of the sphere, 
at points, T and T', of the perspective of the curve of shade. 
These points, moreover, are the limits of the visibility of the 
curve of shade. 

Hemarh — The perspectives of the sphere, and of a part of 
the curve of shade, are larger than their projections, because 
half of the sphere is in front of the perspective plane, and the 
apparent contour, and half of the curve of shade, are on the 
hemisph^O) so situated. 



Pboblem XO. 

To find the perspective of a sphere^ whose centre is m the 
visual perpendicula/r ; together with its <mrve of shade; a/nd 
the shadow on the horizontal plane. 

1^. — To find the perspectvve of the sphere. 

Let E,8, PI. XII., Fig. 86, be the point of sight, AB, the 
ground line, CD the horizon, and D, the vanishing point of diag^ 
onals. Let the centre of the sphere be behind the perspective 
plane, in the visual perpendicular, ES-^S, at a distance equal 
to the radius of the sphere ; and let the circle, with radius S^, 
be the vertical projection of the sphere. Then make SS' equal 
to this radius, and the circle wi^ S' as a centre, and radius 
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S'S, will be the vertical projection of the sphere, after revolu- 
tion about the vertical axis ES^, the intersection of the per- 
spective plane with a vertical plane, containing the point of 
sight and the centre of the sphere. In this revolution, the 
point of sight will prgceed to D, the vanishing point of diag- 
onals ; and the tangents, of which D^ is one, will be the re- 
volved positions of the highest and lowest elements of the 
visual cone, which is tangent to the sphere in its circle of 
apparent contour, parallel to the perspective plane. Now, as 
ES* may be properly conceived as the trace of the perspective 
plane upon the plane of the paper, after the revolution just 
described, ^, the intersection of I)t and ES*, determines S^' as 
the radius of the perspective, t^(is% of the sphere. 

2°. — To jmd the vcmishing line of theplcme of shade. 

The plane of the circle of shade of a sphere, is perpendicular 
to the direction of the light ; hence its vanishing line (40) is 
the trace, on the perspective plane, of a visual plane perpen- 
dicular to the rays of light ; hence it is only necessary to find 
one point of it. That point may be the intersection of the 
perspective plane with a visual ray perpendicular to a ray of 
light, since that visual ray is a line of the perpendicular visual 
plane, just described. Now, by revolving GSE, assumed as 
the meridian plane of rays perpendicular to the vertical plane, 
about its vertical trace, SR, and into the vertical plane, the 
point of sight, E,S, will appear at E', on SE', a perpendicular 
to GSE, at S, and equal to ES, or DS. But GSR being the 
direction of the vertical projection of the light, it will contain 
the vanishing point of rays, and the horizontal projection of 
the light not being given, that point can be assumed, as at R. 
Then RE' is the revolved position of a ray of light through 
the eye, and E'G, of the visual ray perpendicular to it. Hence 
G, the intersection of E'G with the axis, GSR, is a point in the 
vanishing line of the plane of shade. Hence LGK, perpendic- 
ular to GSR, is this vanishing line. 

3°. — To findfo'ur points of shade / the extreme visible ones, 
and the other extremities of the dia/meters through them. 

Planes of rays, tangent to the visual cone of the sphere, will 
be tangent to the sphere at points of its apparent contour, and 
will contain a ray of light through the point of sight. Hence 
their traces on the perspective plane will pass through R, and 
will be tangent to the perspective of the sphere at the extreme 
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visible points of its shade. IRa, and E& are these traces, and a 
and 5, the extreme visible points of shade. Draw aSd, and 
&Sc, which are the indefinite diameters through a and i. To 
find their limits, let ACDB, Fig. 85, represent the circle of 
shade, placed in the plane of the paper ; let OA and OB repre- 
sent the traces, 'Ra and EJ, and then ASD and BSC will 
represent the diameter just described ; and OSI, the ray SR, 
and the diameter perpendicular to it, and in the plane GSE. 
Now observe that the chords, AO and BD, of the circle of 
shade, are parallel to the diametef just described. Hence the 
vanishing point of those chords is in the vanishing line, LGK, 
of the plane of the circle of shade, at G, the vanishing point 
of that diameter. Then, in Fig. 86, draw aG, and JG, the 
indefinite perspectives of the chords AC and BD, and they 
will limit the diameters aSd and hSd, at a and d^ two addi- 
tional points of shade. 

4°. — To jmd any four other points of shade. 

To do this, consider, first, that all lines in the plane of shade, 
have their vanishing points in the vanishing line, LK, of that 
plane ; second, that if these lines are at right angles, and con- 
tain the extremities of any diameter of the circle of shade, 
they will intersect each other on the circumference of that 
circle. 

To find the requisite vanishing points, revolve the visual 
plane which is parallel to the plane of shade, about its trace 
LK, into the perspective plane. E will then appear in the trace 
SE, at E'^, by making GE''=SE or SD. Then any lines at 
right angles to each other, through E'', will meet LK in the ' 
necessary vanishing points. Let E'T and E'^J be such lines, 
giving the vanishing points I and J, the latter beyond the 
border, on LGK produced. Then Za and I^, the perspectives 
of a pair of lines, perpendicular to each other through the 
extremities of the diameter ad^ determine, by their intersection, 
the point of shade e. Likewise Zd and \a determine the point 
f ; which may also be found as the intersection of either Zd or 
\a with the diameter e^f. 

Proceeding similarly with the other diameter 5o, the lines 
Zg and K (not shown) would give another point, and \g and 
JJ (also not shown) a fourth point, as required. 

5°. — To fund eight additional points, 

Eetiirning to E^', draw another pair of lines as E^'K and 
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E''L, at right angles to each other, giving the new vanishing points 
L and K. As the result of the previous operations we now have 
four known diameters, of which three are shown. Lines from 
L and K, drawn through both ends of each of these diameters^ 
will give eight additional points, of which only a few are shown. 
Thus K(? and L5, through the extremities of &(?, give the point 
g / and KJ and Lc likewise give h / which, as in similar cafees, 
is also the intersection of either KJ or Lc with the diam- 
eter ^SA. 

Other points are omitted, to avoid confusion ; also, because 
eight finely constructed points, especially when; as at a and 5, 
two of them are points of tangency, are quite sufficient to 
assist in accurately sketching an ordinary ellipse. 

6°. — To jmd the extremities of the chords whi'Ch is pa/rdUd 
to the perspective plane^ and through S. 

This chord is the perspective of that diameter of the circle 
of shade, which is parallel to the perspective plane. Hence 
the point D, the line ES«, and the parallel diameter V V, ex- 
hibit, in a side view, the true relative positions of the ^ eye, the 
perspective plane, and the parallel diameter of the circle of 
shade. Hence, drawing the visual rays, of which DV is one, 
we have Si; for the true size of the perspective of S^V. The 
line through S and perpendicular to SR, is the indefinite per- 
spective of the diameter considered, and by laying off ^v upon 
it, each way fi*om S, as shown at r, we shall have the chord, 
rr\ required. 

7°. — To find the highest and lowest poi/ntsof the perspecti/oe 
curve of shade. 

These points are the points of contact of tangents whose 
perspectives are parallel to the ground line. As none of the 
tangents, in space, to the curve of shade have this position, the 
required ones, must by (Theor. IX.) lie in planes which contain 
a visual ray parallel to the ground line. The intersection of 
this ray with the plane of shade will be common to the traces 
of these planes on the plane of shade. 

See, now, PI. XIII., Fig. 88, where A'B is the ground line, 
and CTO the horizontal projection of the sphere, since, as in 
PI. XII., Fig. 86, the sphere is still supposed to be behind the 
perspective plane and tangent to it. CT' is the horizon, EE' 
the point of sight, E, and H, the vanishing points of rays, and 
of their horizontal projections, respectively. The circle E'C 
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is the perspective of the sphere, and ijJd^ that of its curve of 
shade. SA — ^E'A' is the diameter of shade, parallel to the 
perspective plane, and A, its intersection with the horizontal 
plane, is a point of the horizontal trace, AMN, of the plane of 
shade. Since this plane is perpendicular to the rays of light, 
its traces are perpendicular to the projections of those rays. 
Hence AMX is perpendicular to AE, the horizontal projection 
of such a ray, and the vertical trace, MK, is perpendicular to 
E'R, that is, parallel to E'A'. Next, we have EP— £T', par- 
allel to the ground line, for the visual ray common to the visual 
planes tangent to the visual cone of the sphere, and containing 
the required horizontal perspective tangents. This visual ray 
pierces the plane of shade MMK, at P',P, by an obvious con- 
struction. 

Tangents, from PP', to the curve of shade, will be the traces 
of the visual planes just mentioned, upon, the plane of shade, 
and they will be the originals of the required perspective tan- 
gents. But we have not the projections of the curve of shade, 
and to avoid making them, we revolve the plane of shade 
NMK about its vertical trace MK, into the perspective plane. 
The circle of shade will then appear in its real form in the 
circle ST, whose centre, S', is at a distance, S'T,from the axis, 
eqiial to the hypothenuse of a right triangle, whose base is 
E'Y, and whose altitude is ST. Likewise PP' will fall at P/\ 
at a distance, KP'^, from the axis, equal to the hypothenuse of 
a right triangle, whose base is. P'K and whose altitude is PB. 
Then tangents, as P'T, are the revolved positions of the origi- 
nals of the required perspective tangents, and F, that of the 
point of contact of one of them with the circle of shade. In 
the <30unter revolution, Qj being in the axis, remains fixed, and 
P" returns to P' ; giving P'Q for the vertical projection of the 
tangent, on which F', the vertical projection of F, is found by 
revolving F back, in an arc whose vertical projection is FF'j 
perpendicular to MK. 

Now note that S'^, parallel to E'A', is the revolved position 
of that diameter of the circle of shade, which is parallel to the 
vertical plane ; hence F^ is the distance of F' behind the verti- 
cal plane CO, and F^+ST, laid off at Y'g^ therefore gives the 
intersection of the diagonal through F^ with the perspective 
plane. GD, the perspective of this diagonal, intersects F'E' 
that of the perpendicular from F', at/, which is the perspective 
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of r^, and is the point of contact of the horizontal tangent jj^, 
and hence is the highest point of the perspective curve of 
shade ijTd. 

The lowest point can be found in the same way. 

Rema/rk. — The next two topics are auxiliary to the construc- 
tion of the axes of the perspective curve of shade. 

8°. — To Jmd^ in Fig. 85, tke origvnah of the j>er8pectvve 
diameters ad amd be, of Fig, 86. 

Returning a moment to Fig. 85, we see that IJ is that diam- 
eter of the circle of shade, ACDB, whose perspective is the 
conjugate axis of the perspective curve of shade. Also, that 
the chords CJ and BI divide AD in a certain manner as at M. 

It is now necessary to show how to locate the diameters, AD 
and BO, in their true position. To do this, conceive of the 
circle of shade as the base of a right cylinder of rays. Visual 
planes, tangent to this cylinder, will determine its extreme vis- 
ible elements, and the feet of these elements are the last visible 
points, a and 5, of the base. Also these planes will contain, in 
common, the ray of light through the point of sight ; hence 
their traces on the plane of shade will contain the intersection 
of this ray with that plane. 

Now S'', in Fig. 86, is the revolved position, on E'S pro- 
duced, of the centre of the sphere, after revolution about the 
axis GSE ; and E'R is the revolved position of the visual ray 
of light common to the tangent planes just described. Hence, 
as the plane of shade is perpendicular to the light, S''<?, perpen- 
dicular to E'E, is the distance, in the plane of shade, from the 
centre of the sphere, to the intersection of the common visual 
ray with that plane. 

Returning again to Fig. 85. This figure is here reduced, 
but, in practice, should be made in full size, that is with the 
circle ABDC, equal to a great circle, «S"S', of the sphere, the 
circle of shade being a great circle. Then make SO=S''{> 
from Fig. 86, and the tangents from O will determine the true 
relative positions of the diameters whose perspectives are ad 
and he, 

9°. — To find the perspecti/ve of the horizontal i/race of the 
plane of shade. 

One point of the required perspective trace, is the intersec- 
tion of the perspective of any diameter of the circle of shade 
with the perspective of its own horizontal projection. The 
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Tatter line will contain the perspective of the horizontal pro- 
jection of the centre of the sphere ; ' which point must now be 
found. Make Ay equal to SS', the true distance of the centre 
behind the perspective plane, and A will be the intersection of 
the diagonal through the horizontal projection of the centre, 
with the perspective plane. Then AD is the perspective of 
this diagonal, and it intersects, yS, the perspective of the per- 
pendicular through the same point at «'', the perspective of 
the horizontal-projection of the centre of the sphere. 

Let, now, the diameter chosen for finding the required trace, 
be the one parallel to the perspective plane. Then r^Sr, per- 
pendicular to SR, is its perspective, as before shown, and «''P, 
parallel to the ground line, is its perspective horizontal projec- 
tion. Hence, P, the intersection of these two lines, is a point 
of the required perspective trace. 

To draw this trace, it is now only necessary to remember 
that, as it is a line of the plane of shade, its vanishing point 
is in the vanishing line, LK, of that plane ; and, as it is a hori- 
zontal line, its vanishing point is in the horizon. Hence is 
its vanishing point, and CP is the perspective of the horizontal 
trace of the plane of shade. 

Remark. — ^Here it should be noted, for reference in a dis- 
cussion presently to follow, that this line therefore contains the 
perspectives of the intersections, Q, etc., of all diameters of the 
circle of shade, with the horizontal plane. "We shall first pro- 
ceed with the construction of the cusaes of the ellipse cbcfg, 

10°. — To Jmd the conjugate aom ly means of the perspective 
dwision of UneSy and hnowing heforeha/ad the pa/i/r of diam- 
eters through a a/ad J. 

Produce the diameter ad to the perspective of its intersection 
with the horizontal plane, at Q, in the perspective trace CP. 
Then Q*'' is the indefinite perspective of the horizontal projec- 
tion of ady since all these diameters pass through the centre of 
the sphere, and b'\ as shown, is the perspective of the horizon- 
tal projection of that point. Next, draw the verticals, <iD' 
and ak!y and A'D' is the definite perspective of the horizontal 
projection of the diameter ad. 

To find, now, the true size, and origina.1, of this perspective 
horizontal projection, and the vanishing point of chords mak- 
ing equal angles with this original and the ground line, and 
therefore dividing both similarly. B, the intersection of D'A' 
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with the ground line, is one point of the original of D' A', and 
S"', the actual horizontal projection of the centre of the sphere 
is another point. S''' is found by making yS-'^=SS' accoxding 
to the given situation of the sphere. '. Then BS'''^ is the indefi- 
nite original of . D'A'. . Now, with . centre B, and any radius,; 
describe au arc, as u^u^\ and, through E, ^raw a visual ray 
parallel to the chord .t*V, which will give F, the vanishing 
point of the desired chords. Hence FD' and FA', produced 
to the ground line, give A''D'' for the true size of A'D'. Then 
transfer AM and DN, from Fig. 85, to A''M and D''N, and 
draw MF and NF, giving A'M' and D'N' for the perspective 
horizontal projections of these distances^ Then the verticals, 
Wm and N'/?/, intersect ad Bktm and % the perspectives of M 
and N in Fig. 85. Hence cifi and 5», the perspectives of CMJ 
and BNI, Fig. 85, intersect GSR, the indefinite conjj[;igate axis, 
in its extremities^' and i. 

11^. — To find the conjugate aam^ ij, 5y reotangvla/r corordi- 
nates frQm vanishvng points on LK, and hamng^ dl/read/y^ the 
diarruster rr ; and^ having the conjv>gate ams^ to find, the trans- 
verse axis. 

Find rr\ as explained in (6°) then, as it is the perspective of 
that diameter of shade, which is parallel to the perspective 
plane, and perpendicular to SE, chord* perpendicular to each 
other, through its extremities, and making equal angles with 
it, will meet lat the extremities of the conjugate axis.: The 
angles lE'^G and JE''G, each being 45°, I and J are the van- 
ishing, points of Buch chords, and Ir and Jr^ (not shown), would 
meet at^'/ and 1/ and Jr (also not shown) would naeet at /,, 
thus giving the conjugate axis. 

. To find the tra/nsverse a>xis, bisect i^ySitk'ySJid draw ^per- 
pendicular tO: it, through ¥. Take S^'p, the distance, in the 
plane of shade, from the centre of the sphere to the ray of 
light through the eye, and lay it off from, S' too'. Then, ac- 
cording to the explanations in (6;° — 7°) the tangent o^j> wiU 
givej>, as the extremity of that chord of VSY', whose perspec- 
tive will equal the required transverse axis. For, VSV, and 
o\ thus represent — in the plane of the paper — ^respectively, the 
circle of shade, and the intersection of its plane with the visual 
ray of light perpendicular to it. But, in the same view, ES 
represents the trace of the perspective plane on the plane of 
the paper, a^d hence, drawing the transposed visual rays of 
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which Hqp is one, we find Sq eqnal to the semi-transverse axis; 
Then lay off Sy, from k\ each way on kl, and M will be the 
required transverse axis. 

12^. -^To find hoik wm y mdependenUy (^ each other ^ cmd 
of a/ny pr&vioudy fomid pomts of shade ; cmd directly from 
the vertical projections of their extremities. 

First : The transverse axis. 

Conceive the circle of shade to be revolved about its own 
dianieter, rSS''', till parallel to the perspective plane. Then 
^L''S' will be its vertical projection, and o'\ found by making 
S(?''=S''<?, will be the true relative position of the point pre* 
viously shown at d, and <?', already described (8° ; 11°), Hence 
tangents, as o'^L'', will give the revolved positions of extreme 
visible points, as L'', of the circle of shade, considered as an 
isolated circle. The perspective of the chord joining, these 
points, will therefore be the longest diameter, that isj the 
transverse axis of the perspective of the curve of shade. 

Eeferring'to the previous revolution, about the trace SR, when 
was found, we see that^^''^, the primitive position of o, which 
is the same point as o'\ is found by counter revolution in the 
arc whose vertical projection is o^^o^^\ The tangent, o'^L^', meets 
the former axis, SS'^, at a point beyond the circle; also indicated 
by S''. This point therefore is fixed, and ^''^S^' is the vertical 
projection of the tangent o'^L^'S''. Also L'' revolves in an arc 
whose projection is L"L', perpendicular to SS'V and which 
intersects o^^^S^^ at L', the vertical projection of an extremity 
of the desired chord of the circle of shade, already described. 

Eetuming now to the view where D is the point of sight, 
ES the perspective plane, and SV^l^® centre of the sphere; p 
is the same point as L' ; hence the perpendieular distance from 
p t& ES is the distance of 1/ behind the perspective plane. 
Therefore make L'B' a horizontal distance equal to this per- 
pendicular distance, and B' will be where the diagonal through 
L' meets the perspective plane. Then the intersection of B^D, 
the perspective of this diagonal, with L'S, that of the perpen- 
dicular, through L^, will give Zj one extremity of the transverse 
axis. The other extremity, ^, can be similarly found ; or, bet- 
ter, simply make Tdh^ldl. 

Second ■: To find the conjugate axis. 

Revolve Uie great circle, contained in the plane GSR, about 
its own diameter, XX', as an axis, and «L''S' wiU be its vertical 
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projection. Tangents to 8L^^S\ parallel to E'R, will then evi- 
dently give the revolved positions, as T\ of the points of shade 
on this great circle, that is those whose perspectives are the 
extremities of the required conjugate axis, because the visual 
plane, E' — GSE, is perpendicular to the vertical plane, and 
through the centre of the sphere, and it hence divides the 
oblique visual cone, whose base is the circle of shade into sym- 
metrical halves. In counter revolution, I'' returns to I', in the 
arc, whose vertical projection, T^I\ is perpendicular to GSR. 

KecoUecting that the diameter of the great circle XX' is the 
axis of the present revolution, a tangent to «L''S' parallel to 
SR, and on the side towards E', will be the true relative posi- 
tion of the trace, on the paper, of the revolved perspective 
plane. Hence lay off the perpendicular from I'' to this tan- 
gent, on the horizontal line through I', at I'C, to find the 
intersection of the diagonal, through I', with the perspective 
plane. Then t, an extremity of the conjugate axis, will be the 
intersection of D"D, the perspective of the diagonal, with I'S, 
that of the perpendicular, j can be similarly found. 

13°. — To jmd the cuxes / independently of any previously 
f&and points of shade : and hy means of the visual cone, 
whose ha^e is the circle of shade. 

The visual cone whose base is the circle of shade, is an oblique 
cone, having that circle for its circular base. The centre of 
the sphere, being in the visual perpendicular, the perpendicular 
plane, GSR, is perpendicular, both to the perspective plane, 
and to the plane of shade, and it divides this cone symmetri- 
cally. Hence it contains that diameter of the circle of shade, 
whose perspective is the required conjugate axis. That chord 
of the same circle whose perspective is the transverse axis, 
being perpendicular to this diameter, is parallel to the peftpec- 
tive plane. 

See, now. Fig. 87, where like points, so far as this and Fig. 
86 agree, have like letters. Fig. 87 is reduced only for want 
of room to make it of full size. As in Fig. 86, the circle 
SS'' — the centre at S — ^is the vertical projection of the sphere^ 
and the equal circle, with centre at S'^, is the projection of the 
sphere after revolution about the trace SR as an axis. E'^, then 
represents a tangent visual ray, and S^', is the radius of the per- 
spective of the sphere, since SR, with reference to E', is the 
trace of the perspective plane on the plane of the paper. 
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Also E'R is, as before, the revolved position of the ray of light 
through the eye. Then IJ, perpendicular to EK, is the revolved 
position of that diameter of the circle of shade which is 
cut from it by the plane SE. But E'l and E'J are the re- 
volved visual rays from its extremities, and ij is its perspective? 
and the required conjugate axis. Bisect ij at k\ and through 
k' draw M^ perpendicular to SE, for the indefinite transverse 
axis. The visual ray E'A' intersects IJ at K', the original of 
h' the centre of the ellipse. Hence h^T' perpendicular to IJ 
at Jc' is the chord whose perspective is the transverse axis. But 
this chord is, in space, parallel to the perspective plane ; hence 
revolve it about K' to the position K"L^', parallel to SE, and 
draw the visual rays, E^K^' and E'L", which gives KL, equal 
to the perspective of the transverse axis. Hence, finally, lay 
off A'K or h'Ju each way from k' on ^, and Jd will be the trans- 
verse axis required. 

14°. — To find the perspective of the shadow of the sphere 
on the horizontal plcme. 

Points in this shadow will be the intersections of perspec- 
tives of rays of light, through the extremities of the perspec- 
tives of diameters, with the indefinite perspectives of the sha- 
dows of those diameters on the horizontal plane of projection. 

The perspective of the shadow of the centre of the sphere 
on the horizontal plane, will be common to all those indefinite 
perspectives, and another point in each will be the perspective 
of the intersection of its corresponding diameter, produced, 
with the horizontal plane, in the trace TO. 

Now «''H is the perspective of the horizontal projection, of 
the ray through the centre of the sphere, whose perspective is SE. 
Hence O, the intersection of these lines, is the perspective of 
the shadow of the centre of the sphere, and of the circle of 
shade, upon the horizontal plane. Also, the diameters ad and 
ef for example, pierce the horizontal plane in points whose per- 
spectives are Q and U, making QO and UO the perspectives 
of the shadows of ad and ef^ on the horizontal plane. Then 
the perspective rays, aE, and dR^ intersect QO at a' and d\ 
the perspectives of the shadows of a and d ; and, similarly, 
^E and//* (the latter not shown), intersect UO at e! and f\ the 
shadows of e and f. Any number of other points can be sim- 
ilarly found, and the curve sketched. 
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15,°-^To jimd the perspective of the shadow of the sphere on 
the horizontal plane^ hy tangents. 

In the absence of any readily apparent easy construction of 
the axes of this shadow, the method by tangents is desirable, 
since a point of hrwwn contact is nearly as serviceable as two 
ordina/ry points, in sketching a curve. 

First The tangents at (X and &, are also tangent to the 
shadow at a^ and V (Theor. XXI.). 

Second. rr\ having been exactly determined (6*^) its shadow 
also can be exactly found, and as it is the perspective of the 
diameter perpendicular to ij^ the tangents at its extremities are, 
in space, parallel to ^;, and hence have G for their vanishing 
point. That is, Gr and Gr' are the perspectives of these tan- 
gents, and their shadows, which can readily be found, will evi- 
dently be tangents to the required curve of shadow, at the 
shadows of r and r\ 

' Third. The tangents at i and j are completely known, since 
they are parallel to rr\ Hence their shadows are, in reality, 
parallel to that of rr', whose pei'spective is PO. But parallels 
have the same vanishing point, and these shadows, being in the 
horizontal plane, their vanishing point is the intersection of 
Pd with the horizon, at a point, not shown, vrhich we will call 
H'. Then lines from H' to the intersections of the tangents 
at i andy with OP will be the perspectives of the shadows of 
those tangents, and will be tangent to the ellipse of shadow 
at their intersection with SR, the perspective of the raiys from 
both i andy. 

Fourth, A fourth pair of tangents is at Tc and Z, which are 
known, being parallel to ij. Since Id and rr* are parallel in 
space, the perspectives of these shadows have the same vanish- 
ing point H^, mentioned in the last paragraph. Hence thei 
indefinite perspective of the shadow of Td can be immediately 
found, and the shadows of h and I will fall on it at points found 
by drawing rays, Tc& and ZR. The shadows of the tangents at 
Tt and I will join the shadows of A; and I with the intersections 
of those tangents by CP. 

Having thus the points of contact of eight fully determined 
tangents to the perspective ellipse of shadow, a'Vc\ it can be 
very accurately sketched. 

16°. — To find i/wo diameters^ and thence the centre of the per- 
fective of the shadow of the sphere upon the horizorital plane. 
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First By Theorem XI., lines which meet in a visual plane 
parallel to the perspective plane have parallel perspectives. 
And the intersection of a line with the horizontal plane, is a 
point of its shadow on that plane. Hence we wish to find a 
diameter of the circle of shade, which will pierce the horizontal 
plane in the horizontal trace of a visual plane parallel to the 
perspective plane. To do this, lay off ES, the distance of the 
eye from the perspective plane, from y downwards, as shown 
in a reduced scale in Fig. 86«, which will give E'^'', the projec- 
tion of the eye on the horizontal plane of projection (E being 
on the horizontal plane through the horizon). 

Again ; as the horizontal trace of the plane of shade meets 
the perspective plane in the ground line, its perspective CP 
does so also, as at -w, which is thus one point of the horizontal 
trace itself. Now rr\ is the vertical projection, as well as per- 
spective of that diameter of shade which is parallel to the 
perspective plane. And, making yS'^''=SS', the line S'^T', 
parallel to the ground line, is its horizontal projection. Hence 
it pierces the horizontal plane at P', which is therefore another 
point of the horizontal trace of the plane of shade. Y'uY (see 
also Fig. 9>&a) is this horizontal trace and it meets the trace 
E'^'Y, parallel to AB, of the parallel visual plane, at the point 
indicated by Y in both figures. Now, by the Theorem (XI.) 
the perspective of the diameter, through Y, will be parallel 
to CP, and as the perspectives and vertical projections of all 
the diameters of shade coincide, by (Theor. X.) Y'S will be 
parallel to CP and will be the perspective of this diameter. 

The perspective of the shadow of this diameter passes through 
O and its intersection with CP, which is at an infinite dis^ 
tance. Hence a line through O, and parallel to SY^, will be that 
perspective shadow. Now the shadows of tangents to the 
circle of shade from Y begin at Y, hence the perspectives of 
those shadows will be also parallel to the shadow of SY', that 
is, as just shown, to SY' itself. The chord of the points of 
contact of these parallel tangents will be a diameter of the 
ellipse a'i'o\ And these points of contact will be the perspec* 
tives of the points of contact of the perspective tangents, them- 
selves, with ahdc^ which can be constructed, since that ellipse 
is fully given by its axes. 

Second. Among all the diameters of the circle of shade, one 

will have a shadow parallel to the ground line, as indicated by 

11 
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the shadow OW, parallel to AB ; since the perspective of such 
a shadow will be parallel to the shadow itself, and the shadows 
of all the diameters begin in the perspective trace, CP, of the 
plane of shade. 

Parallel lines have parallel shadows, hence the perspectives 
of the shadows of tangents to the circle of shade, parallel to the 
supposed diameter, will be parallel to WO, the perspective 
shadow of that diameter. Now WS is the perspective of the 
diameter, and the ellipse dbdo being fully given by its axes, the 
tangents to it, parallel to WS, can be exactly constructed by 
the methods given in plane problems on the ellipse. Their per- 
spective shadows will begin at their intersections with CP, will 
be parallel to WO, and will be tangent to the perspective 
ellipse of shadow, at the perspectives of their points of contact 
with the perspective ellipse of shade dbdc. The chord of these 
points of contact will be a second diameter, whose intersection 
with the former will be the centre of the ellipse of shadow. 

Rema/rks, — a. In stating, that there seems to be no obvious 
construction of the aaaes of the ellipse of shadow, it is meant 
that none appears obvious, by the principles of projections, or 
of perspective. They can, however, be constructed by plane 
geometry. For, having one diameter, a line bisecting it and 
one or more parallel chords, will be its conjugate, and plane 
geometry affords constructions for the axes, when a pair of con- 
jugate diameters are known. We have thus the means of 
constructing this ellipse with any required degree of practical 
accuracy, in case, for example, it were drawn on a large scale. 

J. All the diameters, as ef^ between CS and T'S, PI. XII., 
Fig. 86, pierce the horizontal plane behind the parallel visual 
plane E^'^T ; (Fig. 86a) hence the perspectives of those inter- 
sections are (Theor. XIV.) beyond C. 

c. Without making the construction, it may be understood 
that the perspective of a sphere, whose centre is in any posi- 
tion, and of its curve of shade, and its shadow on any surface, 
can all be very easily found from their projeotioJ, by the 
method of three planes. 

d. The perspectives of the sphere already constructed have 
been circles, because they were sections of the visual cone, par- 
allel to its base, which was a circle. The visual cone of a 
sphere is, indeed, always one of revolution. If the centre of 
the sphere be out of the perpendicular from the eye to the per- 
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spective plaiie, while tiie perspective plane still cuts all the ele-. 
ments of the visual cone, the perspective figure will be an 
ellipse. But if the perspective plane is parallel to a tangent 
plane to the cone, the perspective figure will be a parabola, or, 
if it cut both nappes of the same cone, the perspective will be 
a hyperbola. 

In all these cases, the perspective will appea/r circular, as it 
should ; since the sphere itself does, when the eye is actually 
placed at the point of sight. The parabolic and hyperbolic 
perspectives correspond to cases, where the visaal angle is 180^ 
or more ; that is where only a part of the sphere is really visi- 
ble from the point of sight. 



Problem XCL 

To Jmd th^e per»pectwe of a skeleton gromed a/raii^ and of its 

sJiadows, 

1°. — The description of the arch. The groined arch, here 
taken, PI. XIII., Figs. 89-90, is formed of two semi-cylinders, 
whose axes are in the same plane, and perpendicular to each 
other, and which are of equal diameter. Then in the reduced 
plan. Fig. 90, added to aid in conceiving of the positions of the 
points and lines, shown perspectively in Fig. 89, AB. is the 
horizontal diameter of one of these cylinders, and BD. is that 
of the other, and B and are points of their intersection # 
Now if BA==By^, the heights of h and/^, in space^ above the 
plane of the axes, that is, of the paper, are equal ; and M' and 
fh^ are elements, one on each cylinder ; in the same piane parallel 
to the paper, and equal to each other, as are BD and CD, 
Hence, h^ is a point of the intersection of the cyliadera. Also, 

B/:/A'::BD:DC. 
That is Bh'G is a straight line, and is the horizontal projection 
of the intersection of the two semi-cylinders, since any other 
point than h' could have been similarly locj^ed* Hence that 
intersection is a plane curve, viz., a semi-ellipse. 

But when cylinders thus intCTsect, they do so in two equal 
ellipses ; hence, in the present casey AD is a second semi-ellipse 
of intersection. 

This being settled, call the cylinder whose elements are par- 
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allel to Xaj, the parallel cylinder, it being parallel to the ground 
line, and call the other the perpendicular cylinder. Then all 
the elements, as e^f^ of the parallel cylinder, which are cut off 
by both the vertical planes, AD and BO, are omitted, as at 
g'hl\ between those planes ; and all the elements, as hn^ of the 
perpendicular cylinder, are likewise omitted, as at Ti'r. 

2°. — The perspective of the general ovMnes of the arch. 

Let the front face, AB, be in the perspective plane, as at 
ABA'B', A''G'B'', Fig. 89. It will then be its own perspec- 
tive. Let AB be the ground line ; EF, the horizon ; V, the 
vanishing point of diagonals ; R, that of rays, and H, that of 
their horizontal projections ; and let E be the centre of the 
picture. Then AB, being a side of the square whose corners 
are the feet of the skeleton columns, AA'', etc., the perspective, 
ABOD, of this square, and of its inscribed circle, are found as 
explained before (Prob. LXIV.). 

Fixing AA^' as the height of these columns, we describe the 
semicircle A^'G'B", the front line of the arch, on A'^B'' as a 
diameter. 

We can now, by diagonals and perpendiculars, rapidly find 
groups of twelve points each, by considering that horizontal 
planes, above the springing plane A''B''C'D', will cut each of 
thefour arch faces, and the two ellipscis, in two points, which 
are readily connected by parallels to the perspective plane, by 
perpendiculars, or by diagonals. 

Thus, let ef be the trace of such a plane on the perspective 
plane, cutting the front vertical lines at e and f and the front 
semicircle at g and A. Then the diagonal, ^Y, and perpendic* 
ulars, ^E and AE, determine g' and r, the perspectives of the 
same points in Fig. 90. Then the parallel e'f\ through ^, 
intersects the perpendiculars, ^E, AE, and^E, at e\ h\ and f ; 
which are the perspectives of the same points on Fig. 90. 
Likewise, the parallel r'y\ through /•, intersects the perpendic- 
ulars aE, j'E, and y*E, at y\ y, and /•', which are also, as before, 
the perspectives of the same points on the plan. 

We have thus ten points already, omitting those, not shown, 
on the semicircle CD', whose perspective is the semicircle, 
whose diameter, O'D', joins the intersection of the back col- 
umns, CC and DD', with the perpendiculars, A''E and B''E. 

3°. — To construct various particular points in the outlines 
cf the a/rcK 
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First : to construct the perspective of the summit, X. 

This point is the intersection of the perpendicular G'X and 
diagonal AD, Fig. 90. Hence, noting G', Fig. 89, as the mid- 
dle point of A'B', X is the intersection of G'E, the perspective 
perpendicular, with the perspective diagonal A'V. And, as 
the original AD, Fig. 90, of this diagonal, is tangent to the 
elliptic edge of the groin, their perspectives will be tangent 
atX. 

Second: to find points of the side curves, in the parallel 
through X. 

This parallel Xa?, Fig. 90, is in the same parallel vertical 
plane with the points j? and y, Fig. 89, where the circle, JcQcqm^ 
is tangent to the ground square, ABCD, of the arch. Hence 
a?. Fig. 89, the perspective of a?. Fig. 90, is the intersection of 
the vertical qx^ with the parallel Xaj. A similar point may be 
found on the left side curve. 

Third: to find points vertically over some points of the 
ground circle AjGm. 

Since this circle is determined in part by points, as ^, on the 
diagonals of the ground square ; and since the ellipses, A^'XD' 
and B'^XC, Fig. 89, are in vertical planes on these diagonals ; 
points of these ellipses will be vertically over the points A, o, 
n, and m, of the ground circle. 

To find these points, note K', where the perpendicular KK' 
meets the ground line — AGK being = 45°, so that GK shall 
be the diagonal AD, in place. Project K' at K", and draw 
the horizontal line K^'K'^^ in the front face of the arch. Then 
the intersection of the* perspective diagonal, K^'^V, with the per- 
pendicular K''E (not shown), or with the vertical, kk\ gives k\ 
the perspective of the point over h The points over o^ m, and 
fly can be found in the same way. 

Fourth : to find the highest points of the elliptic and side 
curves, 

Mpte E'F=EV, and F, the line BB', and the semicircle 
A'^G'B''' will show, in a side view, the true relative position of 
the eye, the perspective plane, and the parallel cylinder. Then 
a tangent, from F to A'^G'B" will be the trace on the paper 
(perpendicular, for the moment, to the perspective plane BB') 
of a visual plane, tangent to the parallel cylinder. Now the 
element of contact of this plane, projected at S, is the highest 
visible element of the parallel cylinder, and therefore contains 
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the higheBt points of the perspectives of all curves as AD or 
AO, Fig. 90, lying on that cylinder. 8', where SF meets the 
side view, BB', of the perspective plane, is the perspective of 
this highest visible element ; which, on returning to the paper 
as the perspective plane, gives S'w, parallel to the ground line, 
for the proper perspective of this element. In like manner, 
after counter-revolution, the horizontal line, through S, is the 
true vertical projection of the same element. Hence the per- 
pendiculars, (xE, UE, SE^ and cE, intersect S'J at J, u, ^, and dj 
the highest points of the perspectives of the diagonal and side 
curves, and the perspectives of the really highest points, visible 
from E (F) and whose vertical projections are a, U, E, and o. 

Another view of this construction is too interesting to be 
passed by. The tangent visual plane to the parallel cylinder, 
contains all the tangent lines, to curves lying on that cylinder, 
at the points where those curves cross the element of contact 
of the tangent plane. But the trace, S'J', of this plane, is the 
perspective of all lines contained in the plane, and as the plane 
is tangent to the parallel cylinder, that trace is parallel to the 
ground line. Hence by (Theor. IX.) S'J is the perspective of 
the four tangents, to the side and diagonal curves, at their 
highest visible points. Hence S^b is tangent to the perspectives 
(Theor. VI.) of those curves. 

We pass now to the shadows of the arch. 

4°. — To jmd the shadowa on thejplcme of ike rea/r lines, CO', 
and DW. 

Having R, the vanishing point of rays, and H, that of their, 
horizontal projections, BH is the perspective of the horizontal 
trace of a vertical plane of rays through the edge BB', that is, 
it is the perspective of the shadow of BB' upon the horizontal 
plane. This shadow meets the floor line, J)V^\ at J"', whence^ 
the vertical line, J'^'i', limited by the perspective, B^^, of the 
ray through B'', is the shadow of BB" on the plane WJiV'\ 
At J', begins the perspective of the shadow of the front semi- 
circle A''G'B''. This shadow is, in reality, equal to that front 
semicircle itself, being found on a plane paralld to that of 
A'^Gr'B". Moreover, since the plane of the shadow is parallel 
to the perspective plane, the perspective of this shadow will be 
circular ; having its centre at the perspective of the shadow of 
G''. Now &\ the centre of the perspective back semicircle, is 
the perspective of the projection of G'' upon the rear plauQ 
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ODD'. Hence c^'d!^ parallel to EK, is the perspective of the 
vertical projection (Theor. X.) of the ray through G^', and 
G''K is the perspective of the ray itself. Hence d\ the inter- 
section of these lines, is the perspective of the shadow of G'' ; 
and d'h\ which must be parallel to the ground line, is the 
shadow of G'^B''. Then the arc J'Q, with centre d\ is the 
shadow of the front semicircle A^'G'B'^, on the vertical rear 
wall D'DJ''', and is limited by the horizontal line D'Q, which 
is the upper limit of that wall. 

5°. — To fund the shadow of the front Bemicvrcle on the but- 
face of the parallel cylmder^ produced. 

Since the shadow of a circle, on a plane parallel to it, is an 
equal circle, the simplest solution for this topic, is by the famil- 
iar method of auxiliary shadows. Thus, any vertical plane, 
parallel to CDD^, and a little in front of it, will cut an element 
parallel to the ground line, from the parallel cylinder, and will 
contain a circular shadow of A^'G^B''. The intersection of 
this shadow with that element, will be a point of the required 
shadow. It now remains to make the perspective of the parts 
just indicated. To avoid the ill defined intersections, caused 
by assuming the trace of the parallel plane, close to J)V^\ and 
erecting a perpendicular from its intersection, Z (not shown), 
with BD, to meet the almost straight curve from D' upwards, 
we proceed as follows : Take A^, for the real distance of the 
auxiliary parallel plane, in front of the rear wall ODD', and t 
will be where a diagonal, through the supposed point Z, will 
meet the perspective plane. Then erect the perpendicular tt^, 
and t^ will be in a diagonal with the pohit where the parallel 
plane meets the side semicircle, B''<?D^ Hence the diagonal, 
ifY ^ot shown), will meet D'oJB'' in a point, t''\ of the element 
cut from the parallel cylinder by the parallel plane. Or, pro- 
• ject i' to tf\ and the perpendicular, ^'E, will determine the 
same point. 

Next, to find the circular shadow. By laying off G^'I=B^, 
and on the horizontal line G^^A'' produced, we shall find I, 
beyond tlie Umits of the diagram, .rhere a diagonal, through 
the centre of the ffemicirde, equal and parallel to A'^G'B^' and 
in the parallel plane, cuts the perspective plane. Then the 
perspective, IV, of this diagonal, intersects the perspective 
perpendicular, G'GE, in I', the perspective of the centre of the 
parallel semicircle just described* Hence, Vd^'^ parallel to EK, 
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the perspective of the projection of the ray through G'' upon* 
the parallel plane, meets G'^R, the perspective of the ray itself, 
in d" ^ the perspective of the shadow of G'' upon the parallel 
plane. And d"V\ parallel to AB, and limited by the ray B^'R, 
is the perspective of the shadow of G''B'' on the parallel plane. 
Hence the arc with centre W^ and radius d"V\ is the perspec- 
tive of the required auxiliary shadow, and q' its intersection 
with the element, t'"^^ before found, is one point of the re- 
quired shadow of A'^G'B'^ upon the parallel plane. Other 
points can be similarly found. 

6°. — To find the shadowa on thefijoor^ and aidewaU^ D'DD". 

AH is the perspective of the indefinite shadow of AA'' on 
the floor. At D'', its intersection with the floor line DD'^, 
draw the vertical line W^a^ limited at a^ by the ray A^'R, and 
D''a' is the shadow of a part of AA'' upon the side wall. 
Above a' J a curved shadow is cast by the front semicircle 
A'^G'B", points of which are found as follows : Assume any 
point, N, on the front semicircle, and let fall the perpendicular^ 
IW, upon the ground line. Then N^'H is the indefinite 
perspective shadow of NN^'' upon the floor, meeting the floor 
line DD'', at W". The vertical line WW is the shadow of 
NN'^ upon the side wall, and it is limited at W by the perspec- 
tive ray NR ; giving W as the shadow of the assumed point 
N. * Other points, being found in the same manner, and con- 
nected, will give the required shadow on the side wall. 

7°. — To find the shadow of the front semicircle^ A^'GBj 
upon the interior of the perpendicular cylinder. 

The tangent at T, parallel to ER, is the vertical trace of a 
plane of rays tangent to the perpendicular cylinder, and there- 
fore marks the point T, where the required shadow begins. To 
find other points, assume anj^ secant WA, also parallel to ER^ 
for the vertical trace of a plane of rays, cutting the cylinder in ' 
two elements, whose perspectives are WE, not shown, and AE. 
The foremost point, W, of the former element, casts a shadow 
on the latter at v^ the intersection of the ray WR, with the ele- 
ment AE. Other points being found in like manner, and joined, 
will give the required shadow'. Only that part of the shadow, in 
the figure, falling between the curves A'^G'B'' and WXG' is real. 
, 8°. — To find the shadow of the left side semicircle^ A"JC', 
upon the interior of the paraUel cylinder. 

In constructing this shadow, use is made of the vanishing 
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point of the projections of rays upon planes parallel to the 
side circle8.of the arch. The vertical line, EK', is the vanish- 
ing line of all such planes, and therefore contains the required 
point. But the trace, on the perspective plane, of the visual 
plane of rays, perpendicular to the planes of the side circles, 
also contains the vanishing point sought. This trace is KR' ; 
hence R' is the vanishing point of the projections of rays on 
all planes perpendicular to the ground line. 

A tangent, E'm' (a little displaced to avoid confusion), from 
W to the side circle, is the perspective of the trace, on the plane 
of that circle, of a plane of rays, tangent to the parallel cylinder^ 
Hence 7n\ its point of contact, is the beginning of the shadow 
of that circle upon the parallel cylinder. The point m^ is, how- 
ever, very vaguely determined by this construction. We there- 
fore propose another. EW represents the projection of the ray 
of light, ER upon the perpendicular plane E'EL', and EY equals 
the true distance of E in front of the perspective plane. There- 
fore VR' is the true direction of the projection ER' after the rev- 
olution of the perpendicular plane, into the paper, around LL' 
as axis ; and, recollecting the square plan of the arch, and the 
equality of its semicircles, A"G'B'' represents, at the same 
time, the relative position of a section of the parallel cylinder. 
Then draw the tangent at M, parallel to VR', and M will show 
the real height of the element of contact of a plane of rays 
with the parallel cylinder. M''MM' is then the vertical pro- 
jection of this element, MM' is its true distance behind the 
perspective plane, and a'" is the vertical projection of its ex- 
tremity, in the left hand side circle. Then make a'"M"=MM' 
and M"V will be the perspective of the diagonal from the 
point whose vertical projection is a'", and m\ its intersection 
(well defined) with A"JC' is the perspective of a'", the first 
point of the required shadow. 

To find other points of the same shadow, draw any secant, 
as R'O, cutting from the side circle a point as O ; whose sha- 
dow falls on the element a& OT of the parallel cylinder, con- 
tained in the secant plane of rays parallel to its axis, and hav- 
ing R'O for its perspective trace on the plane of the side circle^ 
Then the ray OR meets this element at P, the shadow of O. 
Other points being likewise found and connected, we have mT 
for the required shadow, of which only the part inked as a full 
line is real. 
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Example. — Reconstruct O <md O' m m- was ; leginnmg 
with a secant pa/raUd to the tomgent at'UL. « 

91. The surface of the piedonche, a fragment of which is 
represented in PL II., Fig. 12, presents an example of a sur^ 
face having the remarkable property of opposite curvatures; 
by which is meant, that all planesj perpendicular to its aadsy 
intersect it in curves which are oonca/oe towards the axis, while 
all planes through its €m^, intersect it in curves which are con- 
vex towards that axis. 

92. From this fundamental property, it results, that some of 
the elements of the visual tangent cone, will be tangent to. the 
exterior side of this surface, and others to its interior side. 
Only the former contacts can be real for a solid piedouche ; 
hence, in such a case, a part only of the total apparent contour, 
geometrically considered, is real. 

93. In order to examine these curious results with more ad- 
vantage, let the surface of opposite curvatures be completely 
closed. The annular torus presents such a surface. This sur* 
face is generated by the revolution of any closed curve, usually 
a circle, about an axis exterior to it ; but in its own plane. 

Thus, see PI. XIV., Fig. 97, where the extremities, A,A', and 
A,B' of the vertical diameter of the generating circle describe 
horizontal circles which divide the entire surface into two 
nappes. Of these, the exterior nappe, generated by A'D'B' is 
wholly convex, or, doubly convex^ while the interior oncj gen- 
erated by A'C'D', is conca^o-conveXj being conca/oe towards the 
axis in all its hoT^ontal sections, and con/vex towards the axis 
in all its meridian sections. 

Befwe proceeding with the problem of the perspective of the 
torus, some outlines, merely, of principles, and examples of the 
simpler theorems, belonging to the less familiar subject of 
the Theory of Curvature of Surfaces, will here be rehearsed.* 
. 94. Through any three points, not on the same straight line, 
a circle can always be passed. 

■ » » I I I I. . II ■ ■ 11 I 11 ■ I ■ I ■ ! I 

* Articles (94-101) are inserted to ma.ke this work the more convenientljr 
complete in itself. Until the appearance of the Anthor^s new Deseiiptive 
Geometry, the student must be referred to the French of Leray^ OUvieTy oi 
.Goumene on Des. Geom. or to any of the fuller analytical works, for a com- 
plete treatment of the theory of the sin^ar points, o"o' ; ®,®', etc., at which 
the visual rays are tangent not only to the surface of the torus, but to the 
curve of apparent contour itself. 
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K there be Hiree consecutive points^ on any curve whatever, 
whether of single or of double curvature, the circle passed 
through them is called the osculatory circle of that curve, and 
its centre and radius are called the centre^ and radius of cv/rv- 
ature of that curve, for the three given points. 

If any two curves, whatever, have thus three consecutive 
points in common, they will have the same osculatory circle, 
and are therefore said to be osculatory to each other. 

96. The radius of a circle is a normal to its circumference, 
and, hence, to any curve with which that circumference coin- 
cides, at the place of coincidence. Hence aoentre of curvature 
of any curve, may, for convenience, be defined as the intersec- 
tion of two consecutive normals to the curve. 

It follows, from the preceding, that each point of any curve, 
will, in general, have a new osculatory circle, and centre of 
curvature. 

96. Passing to mirfaces; any two surfaces are said to be 
osculatory, when every plane, containing a common normal to 
them, at the same point, cuts them in two curves which are 
osculatory to each other, at that point, or, in other words, have 
the same radius of curvature at the same point. 

97. Now, for surfaces in general^ no two of these normal 
planes will cut the given surfaces in curves whose radii of curv- 
ature will be the same; while any two normal planes, through 
a given point on a ^herCydiO cut equal circles from it, having, 
therefore, the same radius of curvature, viz., the radius of the 
sphere. Hence a sphere cannot be osculatory to any other 
surface. 

98. Every curved surface possesses this remarkable property. 
Among aU the normal pUmes^ passed through the nx/rmal^ N^ 
to a surface J at amy povnt^ P, vpon it, there will ahoayshe t/wo^ 
perpendicular to each other ^ whose i/ntersections with the gi/oen 
Sfurface are called principal sections. And the radius of curv- 
ture of one of them^ at P, will he a minirwum^ and of the 
other ^ a rnaaArmmi. 

99. Thus, taking a common cylinder fot* illustration, and 
drawing a normal to its surface, at any point; one plane, 
through that normal, will cut the surface in straight elements, 
whose radius of curvature is therefore infinite; and another 
plane, perpendicular to the former, and hence to the axis, will 
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contain a right section, whose curvature, at the foot of the nor- 
mal, is less than that of any other section made by a plane 
containing the normal. 

100. Again, see PI. XIV., Fig. 96, showing* an elliptical 
warped hyperboloid, whose gorge is the ellipse ABOF— A'B', 
and whose generatrix is GE—G^E'. Now let the radii of 
curvature, which are estimated towards the centre, 0,0', as 
are those of the gorge and of all the elliptical sections, be called 
positive. And let those of the meridian curve, and other hy- 
perbolic sections, be called negative ^ since they are directed 
frorri the surface, outwards, or from the centre 0,0'. Then, 
for all sections, made by normal planes at 0,0', for example, 
planes which therefore contain the normal CO— O', the radii 
of curvature vary from that of the gorge at the vertex 0,0', 
which \& positive to that of the hyperbolic meridian, in the ver- 
tical plane through OF, which is negative. Now all the planes, 
from CD'Z' to the one containing the generatrix GE— G'E', 
will cut the given surface in hyperbolas^ which will evidently 
be more and more obtuse at C, and all planes from the latter 
one, to that of the gorge, will contain elliptical seotionSy which 
will be more and more acute at 0. 

The curvature of the generatrix, is= + oo in the sense CO and 
= — » in the sense OH. Now put OA=a, OC=c, for the axes 
of the ellipse of the gorge, AFC ; and OC=t?, and 0'J= J= the 
definite conjugate axis, limited when made vertical at 0,0', by 
the asymptotes to the hyperbola lying in the plane CD'Z'. Then, 
finally, we have from analysis, the radius of curvature of the 

ellipse, at C, will be a line CI=K=-- ; and that of the hyper- 



b* 
bola at the same vertex is a line CH= — R'= . 



We have thus the radii 

4-oo;-fE; — E'; — n 

where E is the least of all the positive radii and — E', though 
numerically least, is, taking account of the signs, algebraically, 
the greatest of all the. negative radii. Hence the theorem is 
proved for the general, or elliptical warped hyperboloid, and may 
serve to indicate the very similar, but a little simpler, proof for 
the general ellipsoid. Then, recollecting that all surfaces are 
doubly convex like ellipsoids, or concavo-convex, like warped 
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hyperboloids, we may infer, for now, the truth of the theorem 
in all cases. 

101. The two following principles of the theory of curvature 
are also employed : 

First, For each pointy P, of any surfa^e^ there is am, oscu- 
latory surface (94) of the second order^ which, for a concavo- 
convex surfa^^ like the interior half of a torus, will be a warped 
hyperholoid. (Des. Geom. .) 

Second. The element of a circumscribing tangent cone to any 
surface, S, and the tangent to its curve of contact, at the point 
of contact, T, of the element, determine a tangent plane to the 
surface at T ; and these lines areparaUel to the conjugate diam- 
ters of the section of the osculatory surface, at T, made hy a 
pUmepa/raRd to the tangent plane. (Des. Geom. .) 



Pboblem XCII. 
To consi/ruct the perspective of am, annular torus. 

Let CD--0'A'D'B', PI. XIV., Fig. 97, be the generatrix of 
the torus, and O— O'O'' its axis, which is taken vertical; and 
let E,E' (at the right of the plate) be the point of sight. 

We will first, in a series of topics of convenient length, find 
the ordinary, and the peculiar, points of the apparent contour. 

1°. — To find the points of contour on the vistuxl m,eridian 
plane. 

As this plane is here taken parallel to the vertical plane 
of projection, it is only necessary to draw the four tangent 
visual rays, whose vertical projections are E'/, E'A', E'J' 
and E'a', and whose horizontal projections all coincide with 
OE, the horizontal trace of the given meridian plane. Then, 
by projecting down /, h\ h\ and a\ at g, h, J, and a, we have 
the four points of contour required. 

If the plane EO had not been parallel to the vertical plane, 
it would have been revolved to that position, or into a horizon- 
tal plane, and then, having found the revolved positions of the 
required points, a counter-revolution about the axis of the torus 
would have given their true position, as has been explained in 
Probs. XIII. and XIV. 

The construction of the points on the meridian, parallel to 
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the vertical plane, would then have been a distinct topic, solved 
as the present one has been, only that the tangents from E' 
would then have properly been called vertical traces of visual 
planes, perpendicular to the vertical plane of projection. 

2^. — To find pomts of contov/r on the greaisst and lectst hori- 
zontal oirdes of the torus. 

These points are first shown in horizontal projection, as" the 
points of contact of tangents from E, with the circles whose 
radii are 0I> and 00. By a familiar plane |)roblem, these 
points of contact are d^ u, u'\ and d*' / which are the intersec- 
tions of the circles, just named, with the circle having OE for 
its diameter, and J for its centre. 

The vertical projections of the greatest and least circles, are 
FTD' and H'O', on which d" and d are projected, at d' and u'. 
If the plane OE were not parallel to the vertical plane of pro- 
jection, d and d'\ also u and u"^ would have separate vertical 
projections. The points, themselves, dJ' d\ etc., are defined as 
the points of contact of vertical tangent visual planes, with the 
torus. 

From the situation of the first four points, a, a'/ J, 5', etc., 
it is evident that there are no points of apparent contour on 
the highest and lowest horizontal circles^ whose radii are equal 
toOA. 

3°. — To find other points of mch hram^h of the contour. 

These points are found by means of auxiliary tangent cones, 
having the same axis as the torus, and tangent to it in horizon- 
tal circles. To abbreviate the construction to the utmost, let a 
series of four such cones have a common base in the horizontal 
plane E'R', through the point of sight, and let OR be the ra- 
dius of the horizontal projection of this base. Then, from B', 
the vertical projection of R, four tangents to the meridian 
curve contained in the meridian plane OE, will be the elements, 
parallel to the vertical plane, of these cones, and OR will be 
their common horizontal projection. RT^-', R'K^, R'N', and 
R'C" are these four tangents j and their intersections, not 
noted, with 0^0'', would be the vertical projections of the ver- 
tices of the four tangent cones. If, i\ow, a visual plane be 
drawn, tangent to each of these cones, the intersection of its 
element of contact, with the circle of contact of the cone and 
torus, will be its point of contact with the torus ; that is, a 
point of apparent contour^ Two such planes can be drawn to 
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each of tlie four cones, giving eight points in all. The common 
trace of these planes, on the plane C'E', of the common base 
of the cones, will be tangent to that base, and will contain EE'. 
But tangents from E, to all circles having O for their centre, 
will find their points of contact in the circle on OE as a diam- 
eter ; hence W is the point of contact of such a tangent, to the 
base, O— EW, of the cones, and WO is. the horizontal projec- 
tion of one element of contact, on each of the four cones. An- 
other tangent, symmetrical with EW, relative to the meridian 
plane EO, will be the common trace, on the plane E'O", of the 
other four tangent planes, whose elements of contact are hori- 
zontally projected infOc'^ symmetrical with WO. Now F"'^/ 
K.^q; N'«, and C V, are the radii of the circles of contact of the 
four cones with the torus, then the horizontal projections 
f'^"f^ etc., of these circles, intersect the elements before found, 
in the points/'',/' and//"'/ h"^ and h^' ; rkl'^n' and n^n' ; 
c'V and <?,<?'. 

4°. — To Jmd the points of contour on the meridmri plane^ 
perpendicular to the vertical pUMie. 

These points are foand on the principle (Shades and Shadows, 
80) that the traces, on any meridian plane, of visual planes 
perpendicular to it, and tangent to the torus, will be tangents 
to the meridian curve in that plane, at the points of contact of 
the visual planes with the torus, and that these traces will contain 
the projections of the point of sight on the meridian plane. 

To realize the preceding principle, it is suflcicient to conceive 
the system of the figure to be revolved 90° about the vertical 
axis. of the torus. Then O" becomes, evidently, the point of 
sight ; and 0"E'", and 0"M', are the vertical traces of two 
visual planes, perpendicular to the vertical plane, and tangent 
to the torus. Hence E'", and M', projected horizontally at E" 
and M, are the points of contact of these planes. Then, coun- 
ter-revolving the system to its given position, M,M', and E"E'", 
return to m^m! and e^e' ; and the opposite similar points on the 
right of O'O", to m",w' and Vy. 

5°. — To find the singvla/r points of the interior contour. 

These are the points where the visual rays are tangent, not 
only to the inner half of the torus, but also to the curve of 
contour itself. They can be approximately detected by inspec- 
tion, as in the analogous problem in curves of shade (Shades 
and Shadows, Prob. XXVIII.) at o'\o\ and ofi[ ; v'\v' and v^v\ 
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But as they are the limits between the visible and invisible, 
that is, real and imaginary, portions of the geometrical appa- 
rent contour, it will be interesting to find them by exact con- 
struction.* 

To avoid confusing the figure, see the separate Fig. 98, PI. 
XIY., in which, however, the same point of sight, E,E', is re- 
tained for convenience. P— Lp' is, here, the vertical axis of 
the torus, and the semicircle OC— 0'''C'(?' is the generatrix of 
its interior half. Having given, then, the point of sight E,E' ; 
to find the point where the visual ray is tangent, at once, to the 
torus, and to its apparent contour. 

To find this point, we proceed with the problem in an inverse 
order, by means of the following operations : 

First. For each, of several assumed points, on a meridian 
of the torus, construct a visual ray, that would be tangent, at 
once, to the torus, and to the apparent contour as seen from a 
point in that ray. 

Second. Take, for the latter point, the intersection of the 
tangent ray, for each assumed point, with the vertical cylinder 
containing the given point of sight, and having a common axis 
with the torus. 

Third. Find the intersection of the trial curve, joining these 
points, with the horizontal circle of the cylinder, through E,E^ 
A tangent, from this point to the torus, will be the revolved 
position of the visual ray, tangent at the required point. From 
it, the true position of the ray, and required point, can at once 
be found. 

To complete the construction. Take, first, the point, 5,2', 
on the meridian parallel to the vertical plane. By the theory 
of curvature of surfaces (Des. Geom. ), the normal sections 
(98) of maximum and minimum curvature at B,B' are the me- 
ridian, whose radius of curvature is 0'B'=II, and the section 
made by a plane, containing OB— O'B', and perpendicular to 
the meridian plane j?BE ; for which section the radius of cur- 
vature is B'5=E'. Next, in the osculatory hyperboloid, at 
B,B' (101), the gorge, and the meridian hyperbola, are the 
principal sections, respectively osculatory to the sections of the 
torus. Now let the axis on B'0'=2<?, the other axis of the 



♦ From Lbbot, St^r^otomie, pp. 176-178. 
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gorge =2<Zj and the definite conjugate axis of the hyperbola 
=2J. Then their lengths mnst be chosen so as to have 

E= — and E^i= A'.; 



For simplicity, make a==c, as we are evidently firee to; do, foT 
R may as well be the radius of the osculatory circle, as the 
equal radius of curvature of an osculatory ellipse at B^B' ; 
since either curve may be the gorge of a hyperboloid. Then 
the osculatory hyperboloid becomes one of revolution, and 

R=«,andR'=— ; whence i=\/ExE^=B'D 

a mean proportional, by construction, between B'0'!==«:±=E, 
and B'J=E'. 

This done, we see from (101, Second) that, for the tangents 
to the curve of contact of the visual cone to coincide with the 
element of this cone, at a point of that curve of contact, the 
conjugate diameters, to which they are parallel, must. coincide. 
But as the conjugate diameters of any hyperbolic, section- of 45he 
osculatory hyperboloid approach each other, they finally coin- 
cide in the asymptote. 

Therefore, in the problem before us, the visual ray (element 
of the tangent visual cone) which is tangent, at once, to the 
torus, and to its curve of contour, at B,B', is parallel to the 
asymptote of any hyperbola cut firom the osculatory hyperbo^ 
loid by a plane, as AL ; the meridiaai plane parallel to the tan- 
gent plane at B,B' (101, Second). 

Now this asymptote is a diagonal of the rectangle on the 
semi-axes 0'A==^j and b; equal to B'D, but perpendicular to 
the circle of the gorge at OVand the required parallel tangent 
at B,B' is therefore the diagonal of a rectangle, whose sides are 
B'K', equ^ and parallel to O'A, and .a perpendicular to the 
vertical plane, at K', and equal to B'D=5. Hence project K' 
at K, by making GK=B'D, and BK-B'K' is tangent, at B,B', 
both to the torus and to the curve of contour: due to a point of 
sight on BK-^B'E'. 

In like manner, as shown in full in the figure, find the simi- 
lar tangents at other assumed points on the torus, as Q,Q' and 
N,N^ 

Coming now to the second- operation fe. 176) find the points, 

12 
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M,M' ; RjE' ; and S,S', as shown in the figure, where the visual 
rays abeady found, pierce the vertical cylinder containing E,E', 
and having the axis, p—^Jp^ of the tonis, for its axis. These 
points are the several points of sight due to B,B', etc., as the 
points where visual rays are doubly tangent, as already ex- 
plained ; and the curve, MS— M'N'S', containing them, is the 
locus of all similar points of sight. 

Hence, now, by the third operation (p. 176), E''',E'', the in- 
tersection of this trial -curve, MS— M'S', with the horizontal 
circle through E,E', and whose radius is^E, may be considered 
as the revolved position of E,E' whence tfie visual ray E"T''— 
E'"T'" is doubly tangent at T'T'\ Then, by counter-revolu- 
tion, E'',E'" returns, about the axis, i>— I^', to E,E', and 
T'T''', to T, through an angle of revolution, equal to E'^^E: 
Likewise the second point, symmetrical with E^'E'", which evi- 
dently exists in front of the meridian plane EE, being revolved 
to E,E', T'T''' will then proceed, about ^ as a centre, in hori- 
zontal projection, to <,T. Then T,T' and ^,T' are the points on 
the torus, where visual rays from E,E' are tangent, both to the 
torus, and to its apparent contour. 

Thus the like points, o^o* ; of\o' ; v^v' and v'\v\ Fig. 97, 
may be constructed, if desired. 

6° — To find the jpersjpective of the apparent contour. 

This construction requires no operations not already ex- 
plained in all previous problems where three planes have been 
used, as in Prob. XYI. Hence only a few points are shown in 
the figure. Taking any point of contour, as d^d'y for example, 
the visual ray, <?E— (Z'E', fi-om it, pierces PQP', taken as the 
real position of the perspective plane, at xfl\ which, when car- 
ried to the new position, ^I^', of the perspective plane, and 
revolved to the left, as indicated by a»?"— a/D", parallel to the 
ground line, and x''x"\ with centre L, gives D' the perspective 
of dyW. In the same manner, B^', the perspective of hf>\ and 
O''', that of o^o\ are found. 

, We thus see that the perspectives of ofi\ etc., are cusps. It 
is often useful to find also the perspective of the circle, of ra- 
dius OA, which separates the exterior and interior nappes of 
the torus. 

DISCUSSION. 

, This discussion relates to the three general forms of the in- 
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tersection of a vertical visual plane with the interior half, or 
nappe, of an annular torus, and to the relations of their tan- 
gent visual rays to the whole torus. 

First. Any vertical visual plane, which intersects the gorge, 
will cut from the torus a curve of two branches of the general 
shape of Fig. 99. 

The tangent planes to the gorge, as at w" and u^ intersect the 
torus in figure eight curves like Fig. 100. 

Planes between Et^ and Ev, contain curves like Figs. 101 
and 102. 

Second. The tangent visual rays, whose points of contact 
with these curves, are, geometrically speaking, points of appa- 
rent contour, are evidently seen to be also secants, intersecting 
the same curves, and therefore the torus, each in two points. 
It is further evident on inspection, that the point of contact, 
T, will either be in front of both points, a and J, of intersec- 
tion, and therefore visible; or between them, as at ^, Fig. 100, 
and t and t', Fig. 101 ; or beyond both, as at t, Fig. 99, t\tf\ 
Figs. 100, 101. Also, that in both the latter cases, the point 
of contour ^, or 1f^ or if\ is invisible^ that is, geometrically real, 
but perspectively unreal. 

But when the ray, as in Fig. 102, is tangent to the contour, 
it evidently results from such a modulation of the curve of Fig. 
101, that TJ and A^' coincide, in a position like TJ, Fig. 102, 
so that, T, A, and t all coincide. Thus T is the common limit 
between both the visible part, containing A', of the curve of 
intersection of the visual cone, with the torus, and the visible 
part of the apparent contour, on one hand ; and the invisible 
part of the apparent contour on the other hand. 

But the perspectives of the singular points, as T, Fig. 102, 
viz., of OjO^ / o^\o% etc.. Fig. 97, are the cusps C', etc., which 
are thus shown to be the limits between the visible and invisible 
portions of the apparent contour of the interior nappe of the 
torus. 

Third. If, as shown by the rays at T' and <', Fig. 99, the 
visual rays are so highly inclined that the eye can see through 
the gorge of the torus, the portion vhv^^—v^h' of the apparent 
contour will be visible ; as will be completely evident on con- 
structing the perspective under this condition. 

Fourth. The form of the tangent visual cone, and relations 
of the points OyO\ etc., can be more fully apprehended by find- 
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ing tiie intersections of its elements wil^ the horizontal plane, 
which will show its base to be a cnrved quadrangle, cnsped at 
the four comers, as in Shades and Shadows (Prob. XXX.) 
where the base of the cylinder of rajs tangent to the piedouohe 
was a similar figure. 
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CHAPTER Vn. 



of Reflections. 

102. Since other than plane reflectors are commonly qnite 
smaU and irregular, in comparisoa with ordinary mirrors, the 
images afforded by them are so obscure, distorted, or partial, 
that they can adequately be represented by purely imitative 
art, resulting from observation. Such, for example, are the 
reflections from poUshed knobs, or other decorations, from 
household, articles of polished metal, or from polished cylinders 
of moderate size : none of whidi are generally worth the 
trouble of finding by construction. 

103. Plane reflectors, of large size, occnr both in nature and 
art, and it isitherefore desirable to be able to construct the per- 
spectives of the images formed by them. The following prob- 
lems will afford ample illustrations of the perspectives of re- 
flections from water surfaces taken as horizontal mirrors, and 
from vertical and oblique artiflsdal mirrors. 

104. The ftmdamental principle of reflection, is, that the 
incident and reflected rays make equal angles with the reflect- 
ing surface, or with a normal to it at the point of incidence, 
and are in the same plane with this normal. 

See PI. XIIL, Fig. 91, where P is a luminous, or illuminated 
point, from which proceeds the ray PR, meeting the reflecting 
plane, QR, at R. There, the ray PR is reflected, so as to make 
the angle PRQ==ERK or PRNrrERN. 

105. Kow, ^^ the eye shapes itself to objects at different 
distances, so that within the greatest and least limits of distinct 
vision, the rays wiU converge in the eye so as to form the 
images of any objects within these limits. Hence, removing 
the mirror, the eye at E' would justly image the point P. But, 
second^ the rays, consecutive to PR, are reflected from R with- 
out_change of relative portion, and the eye refers objecte to a 
position depending on the direction, and relative position, in 
which rays from them enter the eye; hence the eye at E, look- 
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ing in the direction ER would see the point P as if at P'. in 
the direction ER and at a distance EP'=ET. Therefore y\ 
the image due to the reflection at R, is found by making PP' 
perpendicular to QK, and P'Q=PQ. 

106. As a first illustration, too elementary to compose a 
problem, take the case of the reflections of sunbeams, or other 
luminous rays, from a rippled surface of water, showing an 
extended line of reflections. All the incident and reflected 
rays, in this case, are in a vertical visual plane EPQ, PI. XIII., 
Pig. 92, through the luminous centre S,S'. Hence, taking the 
water surface as the horizontal plane, ES, the horizontal trace 
of this plane, radiating from the observer, will be the line itself 
of reflected light. But, also, as this visual plane is vertical, the 
perspective of ES is PQ, the trace of that plane on the perspec^ 
tive plane, and PQ is perpendicular to the ground line. There- 
fore we have this principle, sometimes violated in painting. 
The jperspectives of reflections of Ught.upon level water svr- 
faceSy a/re perpendicular to the ground ImCy that isy also^ to the 
horizon. 



THEOREM XXIIL 

When the reflecting surface is perpendicular to the perfective 
plane^ the perspective of the trace upon ity of a plane^ per^ 
pendicular to it and containing any number of given points^ 
is an aods of symmetry between the perspectives of the gt/ven 
points and those of their reflections. 

This theorem is true, simply because the normals, spoken of, 
being perpendicular to the reflecting surface, are therefore par- 
allel to the perspective plane, when the reflecting surface is 
perpendicular to that plane. 

Thus, in PI. XIII., Fig. 91, let QK be the trace of a hori- 
zontal reflecting surface, on the plane of the paper ; and let 
AB be the trace of the perspective plane, perpendicular both 
to the paper and the plane PQ. Then PP', the line joining 
the point P with its image or reflection, P', will be parallel to 
the perspective plane AB ; and, being also bisected at Q, its 
perspective will not only be parallel to. PP', itself, but will be 
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bisected at the perspective of Q, which will be in the perspec- 
tive of the trace of the plane PQRE upon the plane QK. 



Pkoblem xcin. 

To Jind the perspectives of the reflections^ m planes perpen^ 
dicvlar to the perspectme pla/ne^ of li/nes taken at pleasure m 
planes perpendicula/r to the refljectmg su/rface. 

Here, Fig. 93, let EV be the horizon, E the vertical projection 
of the point of sight, and CC the vanishing line of a vertical 
plane, perpendicular to the perspective plane, and containing a 
rod, whose perspective is AB. The horizon, EV, is also the van- 
ishing line of the reflecting water surface shown, and taken as 
the most familiar example of a reflecting surface, in reference 
to pictorial effects. 

Now let A represent the intersection of the rod AB with the 
water, then AE will be the perspective of the trace upon the 
water surface, of the vertical plane containing AB. Also, 0, 
represents the vanishing point of AB and of aU parallels to it. 

It now follows that lines, such as are represented by BB', 
from a point B to its reflection B', are parallel to the perspec- 
tive plane, and they are bisected at their intersection with the 
water surface. Hence their perspectives, BB', are bisected at 
the perspective of that intersection, that is, in the line AE. 
Hence make EC'=EC and AC will be the indefinite perspec- 
tive reflection of AC. Also make MB'=MB, and AB' will be 
the perspective of the reflection of AB. 

The remainder of the figure illustrates the case where the 
vertical plane through the line is oblique to the vertical plane 
of projection. For, by the principles of vanishing lines (42), 
the vanisliing line of any plane, perpendicular to both the hor- 
izontal, and the perspective planes, as in the last case, is a ver- 
tical line GEO', perpendicular to the horizon, and through E, 
the centre of the picture. Therefore, as GG', perpendicular 
to the horizon, does not pass through E, it is the vanishing line 
of a vertical plane which is oblique to the perspective plane. 
But otherwise, this case is similar to the preceding. Thus, if 
FV represents the perspective of the trace of this vertical 
plane upon the water surface ; FK, a line in this plane ; G, its 
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vanishiiig point, and F, its interseotion with the water, then 
make VG'=YG, and lfK'3=NK, and F, being it& own image, 
FK' is the perspective of the reflection of FK in the water. 

Once more, by simply turning tihe plate a quarter round, and 
by taMng CO' for the horizon, EV becomes the vanishing line 
of a vertical mirror, perpendicular to the perspective plane, as 
the side wall. of the.room^ Fig. 94, and EA is the perspective 
of its trace on a horizontal plane containing the line AB. 
Then, still, the line represented by BB', from a point itself, B, 
to its image B', being perpendicular to the mirror, is parallel 
to the perspective plane, and is therefore Msected in perspec- 
tive, as it is in reality by the mirror. Hence MB', being equal 
to MB, as before, and A being the point of AB which is in the 
mirror, AB' is the perspective of the reflection of AB in the 
mirror. 

Pboblem XOIV. 

To jmd the perspective of the reflection of the wdU^ step^ <md 
arched, i/rdet of a stone reservoir ; in the sv/rface of the en* 
closed 'Water. 

Let GL, PI. XVLj Fig. 106, be the ground line, on the swr- 
face of the water^ DTE' the horizon, E' the centre of the pic- 
ture, D' the real, and D, the reduced vanishing point of diag- 
onals (Prob. LIL) taken to condense construction ; by making 
DE'=iD'E'. 

The principal dimensions are given in numbers, and used on 
a scale of half an inch to one foot, and all the numbers on the 
scale of depths GL (81) are numbered at half of the real value, 
of the depths themselves, since .E'D=iE'D'. (Notice that 
depths here are not vertical depths of water, but depths back 
from the perspective plane.) 

1°. — To construct the front ends of , the lower steps. Let GZ, 
perpendicular to GL, be the zero line, for the scales of lengths 
and depths (81) it being the vertical trace of a plane of refer- 
ence taken perpendicular to the ground line. Let the point 
now be 3 feet to the right of GZ, and 7 feet back of the perspec- 
tive plane, at B, then make GB=:;3 feet, by the scale, and 
BC" 5= 3^. feet. Then BE' and CD eure the perspective perpen- 
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4iciLlar, and reduced diagonal (called simply -the diagonal, for 
the sake of brevity), whose intersection i» the initial point 0, 
found in the perspective figure. Then CJ, parallel to GL, is 
the perspective trace erf the foremost wall, on the water smface. 

Let each step be 1 foot wide, and 9 inches high. Then make 
GJ=:3 feet on the scale of heights, GZ, and GE' and JE' 
will be perspective perpendiculars (called fw brevity the per- 
pendienlars, simply), which limit the vertical height AA' of 
the sum of the lower flight of steps. 

Lines, parallel to the perspective plane and equally divided, 
are likewise divided in perspective, hence divide AO into three 
equal partQ for the tread of the steps, and AA' into four equal 
parts for their rise, and horizontal and vertical lines, as shown, 
through the points of division, will complete the front ends of 
the steps. 

2°. — To complete aU the steps. Let the steps be 8^ feet long, 
so that H' for example is 10^^ feet back of J. Then make 
JH=5;J^ feet, and the diagonal HD will cut oif the perpendic- 
ular A^' at H', at the further -end of the upper step. Next, 
draw perpendiculars, as CF, from all the front points, C, 0', 
d\ etc.:,; of the steps, and limit them, as shown by vertical and 
horizontal lines, beginning at H^ 

Suppose the landing, A'S', to be 3 feet, by 7 feet. Then 
make A<N^= AO, and draw N'E\ The point S' is 14 feet back 
of a point (J') 3 feet to the left of J* We should therefore lay 
off 7 feet from (J') that is JS=4 feet from J, and SD will then 
limit N'E' at SVfrom which draw ST^ and a horizontal line,, 
partly invisible;, to complete the landing. 

8°.r—To drmo the upper steps. Let the whole height of the 
arch wall above the water be 4J- feet, laid off on GZ ; then ZK 
will limit H'X at the point X, through which the front edge- 
MT', naay be drawn. Mis directly over a'^^ and Ma'''=FF', 
all the steps being alike. 

The height of the wall back of the landing being 6 feet and 
4 inches above the water, and the face containing Q being 1 
foot to the right of GAA', make B'E equal to that distance,, 
and draw EE'. Make N'N''=li feet=iAA', and draw WY/, 
and from its intersection with ST', draw the horizontal joint 
to meet ME' ; from the latter intersection draw the vertical to* 
meet EE' in Q, and complete the figure of the wait 

4°. — To dra/u) the a/rch. Suppose FY to be 1 foot, theft 
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make By=l foot; and as the face of the arch is 10|^ feet be»- 
hind the perspective plane, make V''L=5^ feet, and the per- 
pendicular V'E', and diagonal LD, will give V, a point in the 
left hand vertical edge of the arch way. Now suppose the 
highest point, Z, of the arch to be 8 feet 9 inches above the 
water, make m' at this distance above the ground line (and sV 
perpendicular to GL) and it will be the trace of the horizontal 
plane through I. Then make «*'=5J- feet, and the perpendic- 
ular «E', and diagonal *'D, will determine w?, a point in the 
line W from which the horizontal line, wl^ intersects YE', 
the centre line of the arch, at Z, the perspective of the summit 
of the arch. Through Z, draw the arc XJ' V, of 60°, to limit the 
sides of the arch, and make the arch joints radiate from U. 
The point V', in the rear edge of the arch, may be found by 
laying off from V, on GL, its half depth back of the ground 
line, and drawing a diagonal to D. 

THE BEFLEOnONS. 

5°. — To construct the perspectwe reflections of ihe st^s* 
By (Theor. XXIII.) the image, or reflection, of each point is 
as far below the water surface, as the point itself is above the 
same surface. 

Also, the reflection of every line parallel to the water is par- 
allel to the line itself, and hence the two lines have the same 
vanishing point. 

Hence, make C<?=CC', and draw cf towards E', and cf' will 
be the image of CT'. Likewise, cdj equal and parallel to C^d\ 
is the reflection of that line ; an\ equal and parallel to A'N', 
is the reflection of the latter line, and the like is true for all 
parts of the walls and steps ; observing to make the axis of 
symmetry between a point and its image, the trace, upon the 
water, of the vertical face containing that point. Thus mt is 
as far below FW, as MT is above it. 

The image P, of P', is found, conveniently, by making 
NO'=NO and drawing O'E', on which P' is reflected, at P, in 
the line PP', perpendicular to the ground line. Then, through 
P, the parallel reflection of P'Q is drawn, which is but partly 
visible, 

6°. — The reflections of the arch and rod. The centres, TJ 
and ^\ are equidistant from VW, ^d the reflections, as tu^ of 
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the radial joints all tend to u\ The joints, whose reflections 
are ug^ qb^ etc., are not seen, but, being perpendiculars to the 
perspective plane, their visible reflections all tend to E'. »The 
reflections, ug and vn^ limit the rear vertical edges at V' and 
W, and the water might be shown at pleasure beyond the 
horizontal line V'W', which is the line of symmetry between 
ng^ and its unseen perspective original. 

Let the insertion of the rod, EK, into the wall, be at the in- 
tersection of AA' and Qj>'d\ and let its free extremity, R, be 
located at pleasure on the horizontal line through a\ (The 
student should construct K, from assumed distances to the left 
of A, that is of G, and above the water, that is above GL.) 
Suppose E to be 5 feet back of the perspective plane, then 
make BB'', for example = 2|- ft., and draw B'^D to intersect 
BE' at y', through which y'R' is drawn parallel to GL. Then 
R', where y'R' intersects the vertical R/*, is the perspective 
intersection of that vertical with the water ; hence make RV= 
RTR to find r, the reflection of R. Also AR' would be the 
axis of symmetry between points of RK, and their reflections, 
since Kk is evidently equal to AK, giving hr for the required 
reflection of KR. 

Example 1. — Fmd the perspective of the reflection of a roomy 
and of objects within ity in a mirror which shall coincide with 
a side wall^ perpendiciflar to the horizontal and perspective 
planes. 

Ex. 2. — Sixmng the perspectwe of a tank, hamng a sqv,a^e 
cpening, in the top of a table, and of prismas, cones, etc., sta/nd- 
ing near the further edge of the tank, fl/nd the perspective of 
their reflections in the tank, the latter being ftcU of water. 



THEOREM XXrV. 

When a reflecting surface is oblique to the perspective plane^ 
the intersection of the mirror, with a plams perpendicula/r to 
it, through any line, will no longer be cm axis of symmetry. 

This theorem is true, simply because the normals to the mir- 
ror from points to their reflections vrill not be parallel to the 
perspective plane; hence they must have a vanishing point. 
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Also, the p^^peetives of equal (Ustances on snch lines will be 
unequal; hence the intersection, or trace, described cannot 
be, as before (Theor. XXIII.), the bisecting line of the perspec- 
tives of these normals. 

' This theorem is most obviously true, when, for example, 
the^ mirror is parallel to the perspective plane, for, then, the 
nonnals, described, being perp^idiculars, their perspectives 
will vanish at the centre of the picture; as in the following 
problem. 

^ Peoblbm XOV. 

To jmd the per^peetime of the mterior of a room^ <md of a 
vertiodl staff therem cmd of their images ; the rear waU of 
the room, hemg a mnaror^ paraUel to the jper»pectwe pkme. 

The eonstmction of the perspective of the room itself, PI. 
XIII>, Fig. 94, which is represented as square, requires no spe- 
cial explanation, as it requires no new operations. The staff, 
^^, located by the method of scales (81 .......) is at the distance 

AG from the left wall, the distance AH from the perspective 
plane, AB being the ground line, and is of the height shown 
at AK. 

The lateral edges of the floor and ceiling afe perpendicular, 
both to the mirror, ahefy and to the perspective plane. Hence, 
as in Fig. 91, the image P'Q, of PQ, is perpendicular to the 
mirror QK, so here, the image of the original of Aa is Ka 
produced ; l^t is, it is a perpendicular. Hence its perspective 
is Ai» produced, or a«^', limited by the reduced diagonal BD 
(not shown) where • E'D=^E'DV sin^J^ AB=f of double the 
depth of the room. Then a'Vcf is the perspective of the 
image of the section ABCF of the room, made by the perspec- 
tive plane. ' 

Next to find the perspective of the image of the staff, gk^ in 
the mo^ eleihentary maniier, make AM2=AB, and MN will be 
the plan of the rear wall of the room. Then through G, the 
distance oigh from the left wall, drd,w GP parallel to AM, and 
make mP=HB ; and P will be the horizontal projection of the 
image of the staff. Now GE' is the indefinite ? perspective of 
GP, and the vertical Idsual plane PE, drawn by making IE= 
E'D' on E% a perpendicular to the ground line, AB, meets AB 
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at Lj whenee its vertical trace Lj^i meets Q-E' in /^ the perspec- 
tive of the image of g. 

Otherwise : make AO'=GP, then, by the meflied^f Arediiced 
distances AO=|^AO', and OD will intersect AE' at », the per- 
spective of the image of A, and ^, parallel to AB, being the 
perspective of the image of A^, will meet GE'ait j'', the per- 
spective of the image of g^ as before^ 

Then Td^ the perspective of the image of i, is the intersection 
of g^ld with TcSJ^ giving g^Td for the perspective of the image 
of gTc; remembering that the line in space from Ic to ¥ is^ like 
PP' in Fig. 91, perpendicular to the mirror, and therefore, in 
this case, to the perspective plane, alsOi — 



Pboblkm XOVL 

To fmd the perspective of the rejleotidn of any object^ in a 
mi/rror whose pkme is Mique to hoth plcmes of projection. 

This problem, PI. XIII., Fig. 95, answers to the case of a 
mirror in a comer of a room, and inclined to the floor and to 
both the adjacent wallsi 

1°. — The perspective of the gwen object and of the mi/rror. 

Let PQP' be the plane of the mirror, given by its traces, and 
let the given object be the square, ABCF— AH', contained in 
the horizontal plane whose vertical trace is G'Q', at the height 
Q!q above the horizontal plane of projection. 

The position of ABCF indicates the revolution of the hori- 
zontal plane through 180^, which brings E, the horizontal pro- 
jection of the point oi sight (station point (17)) at a distance, 
E^, behind the groimd line VQ, equal to E'D, where D is taken 
as the vanishing point of diagonals. PQ is shown however as 
if not revolved. 

Then make the angle /EV^PQj', and E/, parallel to the 
ground line, and EV— E'Y' wiU represent the visual ray, par- 
allel, in its primitive position, to PQ, and therefore piercing the 
perspective plane at V-, the vanishing point of PQ, and of 
the parallel trace oi PQP', on a/ny hmzontal plane, as H'Qf. 

Thet^ace of PQP' on 1i^ latter piane^ evidently, pierces the 
perspective plane at Q', hence Q' V is the perspective of that 
trace ; giving P'Q'V for the perspective of the mirror. 
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The perspective, dhcr^ of the given square is found by diag- 
onals and perpendiculars. 

2®. — The perspectwe of one point of the reflection. 

E'Y, perpendicular to P'Q, is the vertical trace of a visual 
plane perpendicular to the mirror, and to the perspective (or 
vertical) plane. This plane will therefore contain visual rays 
both parallel and perpendicular to the mirror. But V'^, paral- 
lel to P'Q (Theor. IV.), is the vanishing line of the plane of 
the mirror; hence, making E'E"=Erf, and perpendicular to 
tfE'Y, we have E"^ as the revolved position of a visual ray par- 
allel to the mirror, and E''Y, perpendicular to E"^, as the 
revolved position of a visual ray normal to the mirror. The. 
latter ray pierces the perspective plane at Y, which is therefore 
the vanishing point of all normals to the mirror ; hence aY, 
cY, etc., are the perspectives of such normals from the comers 
of the square. Now Ai, perpendicular to P'Q, is the vertical 
projection of such a normal, and Q''K, parallel to E"^, is the 
revolved position of the intersection of the mirror with the 
vertically projecting plane of this normal, hence AK is the 
revolved position of the normal. In counter revolution, K 
returns, perpendicularly to AA, to K', the vertical projection of 
the intersection of the normal with the mirror. Then make 
K'A=K'A, and Jc will be the vertical projection of the reflection 
of the point A,A (whose perspective is a). Then a' the inter- 
section of the perspective, AE', of the perpendicular through h 
with aY, the perspective of AA, is the perspective of the reflec- 
tion of a. 

3°. — To flmd the remainvng points of reflection. 

The intersections, m, ti, etc., of the indefinite sides of the 
square, with VQ', the perspective of the trace of the mirror 
upon the plane of the square, are points in the indefinite images 
of those sides. Hence b\ the reflection of J, is the intersection 
of ma^ with J Y, the perspective of the normal irom K In like, 
manner, c' is the intersection of a'n with cY. 

Each point might however have been found independently, 
as was a\ 

By drawing the revolved position of QP, through Q, and 
parallel to EV (1°.) it would cut off a comer of ACFB, as it 
should to correspond with the same intersection, in perspective, 
zXor. 
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After ftilly comprehending the last two problems, there will 
be no difficulty in solving the following examples, which are 
intermediate in complexity between the two just given. 

Example 1. — Find the perspective of a trapezoidal room 12 
feet long hy 10 feet deepj whose vertical side walls make an am/le 
of 70° with the rear waU^ and the perspective plane, and let 
one of these walls he a mirror and let the other contain a 
window y door, fireplace, or picture} and let the reflections of 
the whole he constructed. 

Ex. 2. — Zet the mirror, still vertical, make an a/iigle of about 
20° with the rear wall. 

Ex. 3. — Let the mi/rror he perpendicular to the perspective 
pla/ne, hut inclined 70° or 80^ to the fioor, the room, now, hdng 
squa/re cornered. 
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CHAPTER Vin. 
Perspectives of Shadows by Caiidle41ght. 

107. A Bingle comprehenBive example, of the most usual 
kind, viz. shadows in domestic apartments lighted by one li^t, 
will suffice to illustsrate this branch of perspectxye construction. 



Pboblem xcvn. 

To ji/nd the "oa/nous aJiadows in the interior of a room^ oast hy 

objects ilhtminated by a ca/ndle. 

PI. XVI., Fig. 107. This figure is taken, reduced in size, and 
with some alterations, from the elegant collection of perspective 
examples by J. Adhemab. 

1®. — Prefmivnary. The perspective of the room itself, and 
its fdrnishings, is supposed to be given, it being found by the 
method of scales (81....) or by any of the methods already fre- 
quently illustrated. We therefore proceed at once with the 
construction of the several shadows ; only premising, that con- 
stant use is made of the projections of the flame, 0, upon the 
walls, floor, and ceiling of the room. These projections, that 
is, strictly speaking, their perspectives, are c, upon the floor ; 
(?', upon the rear wall ; d\ upon the left hand wall ; d^\ upon 
the right hand wall ; C, upon the plane of the undersides of 
the rafters ; and C, upon the ceiling. 

Also, E is the centre of the picture. 

2°. — The shadow of the table. The table is, for simplicity^ 
a skeleton table, whose top is an opaque rectangle. Gk is the 
perspective ray which meets c'h^ its perspective horizontal pro- 
jection, at ^, the perspective shadow of the front right hand 
comer of the table. The edges of the table, being parallel and 
perpendicular to the rear wall, Tca^ parallel to the ground line 
AB, is the shadow of a part of. the front edge, upon the floor. 
Then ac" is the indefinite shadow of the same edge upon the 
left hand wall, and it is limited by the ray CJ', through the left 
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hand front comer of the table, or by Si', the trace, on this wall, 
of the vertical plane of rays, GM'. Thus either of the points, 
&\ V, or a, is a check upon the other two. 

From i\ the shadow of the left edge of the table vanishes at 
E, and is limited at «', which is found just as V was. Then 
c^^e\ produced, gives the shadow of a part of the back edge of 
the table upon the left wall ; and aty, where this shadow meets 
the rear vertical edge of the room, the horizontal shadow, ^y, 
on the rear wall begins. 

ch is the trace, on the floor, of another vertical plane of rays 
through C ; M' is its trace on the door, and h\ in the ray CA', 
is the shadow of the right hand back corner of the table, on 
the door. Then join A' with g. Now AK, the trace of the 
door, on the floor, meets A;E, the indefinite shadow of the right 
edge of the table, at K ; hence draw KA', for the indefinite 
shadow of the right hand edge of the table on the door, and 
this will complete the shadows of the table. 

3°. — The shadows of the shelves. These are simply found by 
combining the rays from 0, with their projections from o' and 
o". Thus, CQ meets its projection, c'T, at q^ the shadow of 
Q on the side wall. From 0, draw OT to meet its projection 
c'y, and y will be found, yr is parallel to the horizon, and rs 
tends towards c", it being, like o^'a, etc., the trace, on the left 
wall, of a plane of rays perpendicular to that wall, since the 
front edge, from T, through which this plane is drawn, is per- 
pendicular to the side wall. 

Finally, qs is drawn to E, since the edges of the side shelf, 
beginning at P and Q, vanish at E, also. 

4°. — The shadow of the door, and adjacent cricket. The 
trace, cH, of the plane of rays through GH, meets the base 
of the cricket at u, and the back edge of the floor at TJ. 
Then the vertical line at U, limited by the ray OG, is the sha- 
dow of GH on the rear wall, and U'G' is the shadow of GG'. 
From Uy there proceeds a vertical shadow, which turns at the 
upper edge of the cricket, and proceeds to meet the line UU' 
in the back edge through T'. 

Produce c'T' to f, and t% drawn from E, and limited by 

CT, is the shadow of TT' on the floor. Or, ft may be limited 

by the line from c through the foot of the vertical edge at T, 

which bounds the shadow of this edge on the floor. T^t' is the 

shadow of a part of TT' on the rear waU. 

13 
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5°. — The shadows of the rafters and hwnger. The small 
shadows of the rafters, on the rear wall, are the traces^ on that 
wall, of planes of rays perpendicular to it, and containing the 
lower edges of the raft^. 

Their shadows on the ceiling, are the traces of the same 
planes on the ceiling. 

The former traces, as o'Vv, are drawn from d ; the latter, 
j&om the points, as i?, tending towards E. 

The left hand lower edges of the two left hand rafters cast 
invisible shadows. 

The shadow of the hanger, MN, begins at K, and radiates 
from C, the projection of C upon the ceiling, to N'. It ia 
then vertical, and then radiates from 0', the projection of C on 
the plane of the undersides of the rafters, and continues to be 
found in the same way, till ended, at-M', by the ray OM. 

6°. — The shadows of the staff amd dock. I J is a staff. Zn^ 
parallel to AB, is the trace^ on the floor, of a plane of rays, 
through J, and perpendicular to the side waU, and V^ is its 
trace on the side wall ; which, being limited at y, by the ray 
CJ, gives ^' as the shadow of J on the wall produced. 

Likewise : Im, parallel to AB, is the trace on the rear wall, 
of a plane of rays perpendicular to the side wall, and o"'m is 
its trace on the latter wall. Then {, where d'^rifh meets the ray 
CI, is the shadow of I on the side wall produced ; and ^' is the 
indefinite shadow of IJ on the same wall. Hence II', and J J', 
are the shadows on the rear wall and floor. 

The shadow of the clock is very simply found, by the trace 
cL, produced to U ; the vertical shadow and trace L7', limited 
by the ray CZ/ and the line from* I towards E, whose limit is 
obvious. 

In the preceding shadow, j might have been found by a 
vertical plane' of rays, as ^ and ^'were. 

v. -—The shadow of the crii^t on the hearths Suppose: a 
fire-place to be in the front wall of the room, which is^ not in 
the picture ; and let the cricket B> be near it 

Any point of shadow, as r^y is at the intersection of the ray 
O', with its horizontal projection <?E' ; but some of the inter- 
sections so found are too acute, hence the following auxiliary 
operation is employed. Any line, as EB^', is the horizpntcd 
trace of an auxiliary vertical plane^ perp^idieular to the per- 
spective plane, and the quadrilateral at 8 isrthe perspective oi 
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the projection of the cricket upon it. Also e"" is the projec- 
tion of C upon the same plane. Then o""^'\ through a cor- 
ner of S, is the projection of OR and O'. Hence, draw R^'R, 
parallel to AB, to meet OR and CV at the points of shadow, 
R and t\ The point, back of R, is similarly found, as is shown 
in the figure. 

108. In more complicated problems than the last, where, for 
example, shadows made by a candle, upon curved surfaces 
might appear, it would often be easier to find their projections 
first. 

Shadows on cylinders may however be readily found, when 
the latter are vertical, or have their axes Jiorizonial^ and either 
parallel or perpendicular to the perspective plane. 

Example 1. — In the last problem let the ceiling he eylindri- 
eal^ and with its cms perpendicyla/r to the perspectme pUme. 

Ex. 2. — Let the aads of a cylindrical ceiling he paraUd to 
the grov/nd Une. 

Ex. 3. — Let the room he a vertical cyUnder^ ^st^rmoiinled hy 
the frustum of a cone of equal hose with the cylinder, as in 
the attic room of a drcula/r French roofed tower, 

(In this example find where the ray from the candle to the 
vertex pier<ies the cone's base.) 
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CHAPTER IX. 

Distorted Perspectives: Singular and Anamorphous. 

109. Distorted perspectives may be of several kinds ; such 
as those which are due to an unnatural obliquity to the per- 
spective plane, of the visual rays proceeding from the object ; 
and those called cmamorphosea. 

An anamorphosis, is an ascertained figure, whose reflection 
in a curved mhror shall coincide with the perspective of a given 
figure. 

Thus, let there be a vertical cylindrical mirror, and a circle 
or other figure, in the perspective plane, this given figure being 
the perspective of some given figure in space. It is then re- 
quired to find a figure in the horizontal plane (or some other 
BHrface, in the most general case) such, that those rays from it, 
which are reflected from the mirror to the eye, shall coincide 
with those coming directly from the known figure in the per- 
spective plane. 

Anamorphoses, being merely perspective curiosities, or even 
trifles, no examples of them are here given. 

110. The former kind of distorted perspectives always ap- 
pear, more or less clearly as such, when a perspective figure, 
drawn from an unnaturally placed point of sight, is viewed 
from ordinary points of view. But when, for example, the eye 
is very fa/r from the base of the picture, or ground line, in pro- 
portion to its distance from the perspective plane, the distorted 
imaged, may be called singular perspectives. 

These are sometimes of some utility, and, accordingly, this 
volume closes with a single example of them. 

Pboblem xcvin. 

Construction of a singular perspecti/oe. 

Let gUch, PI. XVII., Fig. 114, be the plane, revolved 180^ 
about GL, of some ground, really in front of the perspective 
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plane, and divided into auxiliary squares, with a creek and a 
house ; and let GL be made to coincide with G'L', the ground 
line, and base of the picture ; and let khQJj be perpendicular 
to the plane of the paper. Then let E,E' be the point of 
sight, at the distance E'N' below the horizontal plane, and 
at the distance E'D'=EN' in front of the perspective plane, 
as illustrated in the small auxiliary end view, Fig. 116, which 
is similarly lettered, and in which e is the point of sight 
itself, in space. D', being thus the vanishing point of diag- 
onals, DyH is the perspective of gh, E' being the vanish- 
ing point of perpendiculars, E'H, etc., are the perspectives of 
LA, etc., and these meet g^S. at M, etc., the perspectives of 
friy etc., in the parallels to GL. Having thus found the per- 
spectives of the auxiliary squares, the perspective of the creek, 
etc., can be sketched by hand ; and the use of the perspective 
is to show an enlarged view, os seen from ordinary points of 
vision, of such details as it may be desirable to show on a larger 
scale than the rest of the picture. 

In this example, E and E' coincide. The full construction 
of D^, considered as the vanishing point of any horizontal line, 
as gh^ is, to draw ED, parallel to the real position of gh^ and 
then to project D into ED', a parallel to GL, at D\ 

111. A third species of what habit leads one to call a dis- 
torted perspective, is produced when the perspective plane is 
inclined to the vertical edges of an object many of whose prin- 
cipal lines lie in a vertical direction. 

Such lines, being no longer parallel to the vertical or per- 
spective plane, would converge, in perspective, to a vanishing 
point. Yet the imjpression of a vertical position to lines reaUy 
vertical, is so strong in observing the real object from any point 
of view, that the perspective which represents them otherwise 
seems strangely distorted. But observe that the distortion will 
disappear on viewing the perspective figure exactly from the 
actual point of sight. 

The case just described is illustrated in photographs of build- 
ings above or below the operator, when the camera has to be 
inclined up, or down, so that the paper in it is not vertical. 

THB END. 
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